
CHAPTER V 

Mathematics i n Secondar y School s 
Lead pape r by Professor W.W . Sawyer, M.A.(Camb.) , 

Department o f Mathematic s an d Colleg e of Education , 
University o f Toronto , Canada . 

1. Mathematics teacher s ar e a t presen t doin g wha t philosopher s urg e -  askin g 
what w e do , wh y an d whethe r w e should . I n a n ag e o f calculatin g machine s nee d 
children kno w multiplicatio n tables ? Shoul d w e teac h manipulatio n i n algebra ? 
If so , ho w much ? Ar e logarithm s obsolete ? Shoul d w e teac h trigonometr y a t all ? 
If so , why ? Wha t part s o f recen t mathematic s ough t t o com e int o th e schoo l 
syllabus? Wha t shoul d g o ou t t o mak e roo m fo r ne w topics ? Mor e fundamental , 
what consideration s shoul d determin e ou r choice of syllabus ? 

2. Such question s dea l wit h what  i s taught . Perhap s eve n mor e importan t i s how 
we teach . Shoul d mathematic s fus e wit h scienc e an d th e stud y o f the environment , 
or shoul d i t b e taugh t a s abstractl y a s possible ? Shoul d i t b e forma l o r informal , 
rigorous or intuitive? I n what proportion s shoul d discover y an d "telling " be mixed ? 

3. A thir d typ e o f questio n deal s wit h ho w w e achiev e ou r objectives . I t i s easy 
to delive r a  ver y inspirin g sermo n o n th e idea l schoo l withou t explainin g ho w t o 
get there . I n orde r t o avoi d a  sens e o f unrealit y I  will begin wit h some notes on th e 
mechanics o f educationa l advance . 

4. I  suppos e tha t i f yo u sen t a  watc h t o b e repaire d an d i t cam e bac k wit h th e 
mainspring broken , whateve r improvements the watchmake r migh t have made in th e 
gear trai n yo u woul d fee l h e ha d don e a  ba d job . Bu t to o ofte n somethin g o f tha t 
kind happen s i n mathematica l education . Mos t adult s afte r leavin g schoo l no t onl y 
know ver y littl e mathematics ; the y ar e incapabl e o f thinkin g abou t i t an d afrai d t o 
try. Mis s Bigg s wil l surel y stres s i n he r talk tha t youn g children d o not star t ou t lik e 
that; the y ar e intereste d i n mathematic s an d willin g t o thin k abou t it . Accordingly , 
even fo r a  chil d o f rathe r lo w intelligence , th e mai n difficult y i n mathematic s lie s 
neither i n the nature o f th e subjec t no r in the limitation s o f the learner , bu t rathe r i n 
the attitud e o f the adult s around him . 

5. I t i s ofte n though t tha t th e solutio n lie s with teache r trainin g colleges . Bu t thi s 
is somewha t naive . I f a  studen t come s t o a  college feeling critica l of his own school -
ing, th e colleg e ma y b e able to help him. Bu t many student s by 1 8 years of ag e have 
already a  fir m pictur e o f wha t educatio n is ; it i s wha t the y ha d a s pupils. They wil l 
return t o schoo l and teach a s they wer e taught . 

6. One o f th e mos t obviou s (an d leas t recognized ) fact s i s the interlocking o f th e 
entire educationa l system . Whe n universitie s criticiz e secondar y school s the y see m 
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only partl y awar e o f the immense responsibility o f universities fo r th e stat e o f secon -
dary education . Whe n secondar y schoo l teacher s criticiz e elementar y school s the y 
do not alway s stress that elementar y teacher s are the products o f secondar y schools . 

7. Mathematics i s a n activit y an d depend s greatl y o n th e attitud e o f th e learner . 
Attitudes ar e forme d young . Th e greates t influenc e o n th e futur e teache r i s th e 
elementary school ; th e nex t greatest , th e secondar y school . 

8. One wa y i n whic h elementar y educatio n concern s secondar y teacher s i s that , 
in mos t countries , ther e i s a  movemen t o f mathematica l topic s downwards . Secon -
dary teacher s complai n the y hav e no t tim e t o handl e al l th e topics the university i s 
handling ove r t o them . Th e mai n reaso n i s ofte n a  mathematica l vacuu m i n th e 
elementary schools . A.P . Rollett , i n a n articl e o n Englis h schools , mentione d able r 
children wh o di d no t star t a n intensiv e attac k o n algebr a an d geometr y unti l the y 
were 1 1 year s old ; h e sai d the y endure d "mathematica l stagnation" . I n Nort h 
America, wher e a  much milde r exposure t o mathematics used t o begin a t 1 4 years of 
age, thes e childre n woul d hav e bee n describe d a s fiercely  "accelerated" . I t i s 
extremely desirabl e tha t a  muc h riche r conten t shoul d b e available to childre n 9-1 3 
years o f age , no t merel y t o eas e th e secondar y syllabus , bu t becaus e thes e ar e th e 
years i n whic h th e stimulu s o f ne w idea s mos t readil y create s lastin g intellectua l 
interests. Secondar y teacher s shoul d therefor e b e preparin g fo r a  stead y transfe r o f 
serious algebra and geometry t o elementar y schools . 

9. Secondary teacher s wil l objec t tha t elementar y teacher s canno t handl e suc h 
topics properly . Bu t thi s ignore s th e fac t tha t th e futur e elementar y teacher s ar e 
to-day sittin g i n secondar y classrooms . I  woul d sugges t a s a  minimum programme 
for secondar y mathematic s tha t ever y pupi l shoul d leav e schoo l wit h th e basi c 
equipment o f a  good elementar y schoo l mathematics teacher . 

10. Thi s mean s th e followin g objectives , i n th e followin g orde r o f importance . 
(1) Th e pupi l shoul d enjo y mathematic s an d no t b e afrai d o f thinkin g abou t it . 
(2) H e shoul d b e abl e t o gras p mathematica l result s informally , pictoriall y o r i n 
terms o f a  concret e situation . (3 ) H e shoul d hav e worke d wit h mathematics i n con-
nection wit h simpl e scientifi c law s an d wit h th e environmen t generally . (4 ) I n thi s 
way h e shoul d hav e acquire d a s much knowledg e an d understandin g o f arithmetic , 
algebra, geometry (an d perhap s other mathematica l subjects ) a s possible. 

11. Th e applicatio n o f thi s ide a wil l naturally vary fro m countr y t o countr y an d 
from plac e t o place . I f elementar y school s ar e alread y producin g enthusiasti c an d 
active mathematicians , the secondar y schoo l should mak e sur e it does not spoi l what 
has bee n achieved , an d shoul d fin d i t eas y t o buil d further . I f childre n ente r 
secondary schoo l alread y dislikin g mathematics , a  ver y radica l rehabilitatio n pro -
cedure ma y b e calle d for . I f the secondar y schoo l was able to improve thei r attitud e 
and giv e the m a  confiden t gras p o f th e topic s mentioned i n Mathematics in  Primary 
Schools* i t could fee l wel l pleased wit h itself . 

*Schools Council; Curriculum Bulletin No.l. H.M.S.O. 1965 
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12. Som e secondar y teacher s hav e a  very forma l approac h t o mathematic s an d 
would b e incapabl e o f carryin g ou t suc h a  programme . Th e wor k shoul d b e don e 
wherever ther e ar e teacher s capabl e o f it , an d th e authoritie s should emphasiz e tha t 
this i s wor k o f firs t importance , an d th e ke y t o th e whol e nationa l advanc e i n 
mathematical education . 

13. Mathematic s involves general intelligence. The accomplishments o f individua l 
children wil l naturall y vary . Complet e succes s woul d mea n tha t a  chil d showe d th e 
same leve l o f interest , confidence , initiative , originalit y an d ingenuit y i n tacklin g 
mathematical an d scientifi c problem s a s h e di d i n an y othe r departmen t o f wor k 
or play . Succes s woul d b e judged no t b y multipl e choic e test s but b y observin g th e 
child in a  real situation . 

14. Children , o f course , woul d hav e t o wor k a t thei r ow n pace . I  onc e ra n a 
mathematics clu b i n Ne w Zealan d wher e childre n coul d pas s littl e test s rathe r lik e 
those fo r scou t badges . Man y o f thes e wer e fo r basic  understanding  of  an  idea, 
e.g. "understand s th e us e o f x" . I n som e America n schools , eac h chil d ha s a  folde r 
which record s hi s advanc e i n reading . Th e sam e coul d b e don e wit h mathematics . 
This idea i s elaborated somewha t i n the Ontario repor t o n Geometry, K-13. 

15. Thi s bring s m e t o a n administrativ e point . Whe n I  cam e to North America I 
saw something I had never seen before , a  textbook labelle d "Grad e 9  Mathematics" -
a schem e o f wor k t o b e covere d b y al l childre n i n a  certai n typ e o f clas s (e.g . 
academic, technical) ; a  schem e lai d dow n b y th e educatio n authorit y an d ofte n 
enforced b y inspectors . A  teache r wa s thu s unde r pressur e t o "cove r th e course" , 
regardless o f th e fac t tha t th e slowe r pupil s wer e bewildere d an d th e quicke r one s 
bored. Goo d teachin g o f mathematic s i n suc h a n administrativ e settin g i s nex t t o 
impossible. A real teacher i s forced t o becom e a n underground worker . 

16. Uniformit y i s particularl y ou t o f plac e whe n attempt s ar e bein g mad e t o 
change o r t o enlarg e th e syllabus . Inevitably , ther e wil l only b e a limited numbe r o f 
schools wher e teacher s are able to teac h the new materia l effectively an d inspiringly . 
These shoul d no t b e hel d bac k unti l th e whol e city , provinc e o r country i s ready -
which it never will be. Rather, th e strongest centres should go ahead an d th e influenc e 
allowed t o sprea d graduall y t o others . 

17. I n a  transitiona l perio d al l kind s o f informa l measure s ma y b e necessary . A 
secondary schoo l migh t (a s ha s bee n trie d i n some places) offe r a  mathematics club , 
say onc e ever y 2  weeks , t o th e ables t an d mos t intereste d pupil s i n th e elementar y 
schools nea r it . Secondar y schoo l pupil s ma y mee t tw o o r thre e elementar y schoo l 
children an d hel p the m wit h algebr a an d geometry ; i n thi s way teaching talent ma y 
become recognize d an d a n excellen t trainin g give n t o th e futur e teacher . The ables t 
children i n elementar y school s shoul d b e encourage d t o read ahead o n their own . A 
survey shoul d b e mad e o f wha t book s childre n i n fact ca n read successfully . O n th e 
analogy o f musi c teachers , a  goo d mathematic s teache r migh t tou r a  numbe r o f 
elementary schools , givin g on e lesso n a  wee k i n eac h t o promot e interes t i n th e 
subject. 
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18. I  have spent som e time here discussing ages 9-13 becaus e I  am more an d mor e 
convinced tha t thi s i s the vita l strategi c are a i n whic h goo d teacher s should b e con-
centrated. Th e age s 0- 8 ar e o f cours e ver y important . Howeve r I  am here discussin g 
the rol e o f th e very bes t secondary teachers , those wit h a  good knowledg e o f mathe -
matics and th e ability t o brin g out it s interest an d simplicity . I  do not thin k the y ca n 
do muc h b y spendin g tim e wit h childre n belo w 9  year s o f age . Th e beginning s o f 
arithmetic mov e ver y slowly . Als o th e wor k i s simple ; elementary schoo l teacher s 
can cop e wit h it , onc e the y hav e bee n persuade d tha t arithmeti c i s somethin g yo u 
can experimen t wit h an d thin k abou t rathe r than lear n purely b y rote . On the othe r 
hand, i f childre n fro m 9  t o 1 3 ar e full y extended , man y o f the m wil l get dee p int o 
fairly technica l mathematics . Muc h o f i t the y ma y rea d an d d o fo r themselves , bu t 
from tim e t o tim e the y wil l nee d advic e which , i n muc h o f th e worl d to-day , ele -
mentary teacher s ar e no t abl e t o give . Occasiona l contac t wit h th e bes t secondar y 
teachers wil l enabl e a t an y rat e th e stronges t pupil s t o forg e ahead . I n th e futur e 
some o f the m wil l becom e teacher s and the y wil l then regar d i t as normal t o cove r a 
substantial par t o f th e presen t secondar y curriculu m (o f man y countries ) i n ele -
mentary school . I n thi s wa y a  riche r syllabu s wil l graduall y sprea d an d becom e 
established. 

19, Incidentally , these ideas are not pu t forwar d a s pure theory. My book, Vision 
in Elementary  Mathematics,  wa s base d o n experienc e wit h childre n i n the ag e range 
9-13. I n m y travels , I  hav e foun d abundan t evidenc e o f childre n bein g able to cop e 
with a  far riche r die t than anythin g tha t wa s being offered t o them . Fo r co-operatio n 
between secondar y an d elementar y teachers , Barrie , Ontario , woul d b e a  goo d 
example o f a  place where thi s has been going on fo r severa l years. 

Manipulation, Logarithms , Trigonometry 
20. I n a n ag e o f calculatin g device s th e questio n arise s a t ever y leve l fro m 

arithmetic t o calculu s -  ho w fa r nee d w e teac h onl y basi c understandin g an d ho w 
far nee d w e be concerned wit h slicknes s in manipulation ? 

21. Th e answe r certainl y lie s somewher e betwee n th e extrem e positions . 

22. First , w e shoul d certainl y ge t ri d o f th e ol d ide a tha t th e use of any helpfu l 
device i s cheating . Whe n I  se e o n examinatio n papers , "Slid e rules not permitted " I 
wonder i f the nex t lin e wil l read, "Al l calculations to be in Roman numerals" . 

23. I n general , we should b e prepared t o use , when appropriate , ready reckoners , 
slide rules , table s o f integrals , graph s an d an y mechanica l device s w e ca n bu y o r 
make. 

24. Som e British examinations used to include very tricky an d awkward integrals . 
I see little point i n this . A course on calculus should cove r the standard processe s and 
the simple r result s o f integration . I t shoul d poin t ou t tha t certai n expressions , 
such a s (1—x 4) an d e—x 2 d o no t hav e elementar y integrals , an d then se t out th e 
4 mai n classe s tha t ar e tractable —  rational functions , rationa l functions o f si n x and 
cos x, and s o forth. Th e arrangement o f tables of integrals should be explained . 
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25. Now , a s to th e nee d fo r som e skil l i n manipulation . A  new concept i s ofte n 
best introduce d b y som e simpl e exampl e involvin g a  certai n amoun t o f calculation . 
In U.S.A. , wher e eve n th e teacher s i n secondar y school s ar e ver y wea k a t algebrai c 
manipulation, I  sometime s trie d t o introduc e calculu s o r matrice s b y a  piec e o f 
algebra. Ofte n I  foun d th e teachers ' menta l energ y wa s completel y absorbe d i n 
understanding th e algebra , an d the y ha d non e fo r understandin g th e ne w concept . 
Clearly thi s i s a n undesirabl e situation . Th e sam e applie s a t a  lowe r level . Algebr a 
itself ca n b e interestingl y introduce d b y studyin g som e "coincidence " in arithmeti c 
or throug h som e simpl e scientifi c law . Th e pupil s ar e expecte d t o discove r th e 
regularity involved . Clearl y thi s usefu l metho d o f teachin g i s exclude d i f th e 
children's arithmetic i s too weak . 

26. A  calculatin g machin e o r a  ready reckone r wil l giv e th e answe r to a  specifi c 
problem bu t i t doe s no t hel p u s t o observ e a  law . I t wil l giv e u s th e squar e o f a 
particular numbe r o r fin d a  particula r produc t bu t i t doe s not, whe n presented wit h 
a collectio n o f figures,  exclai m "Why , thes e ar e al l squares " o r "Thi s i s the 7  times 
table". Pupil s nee d t o becom e sufficientl y familia r wit h multiplicatio n tables , 
algebraic formula e an d s o fort h t o recogniz e situation s i n whic h thes e occu r o r t o 
which the y ar e relevant . Pattern recognitio n fortunatel y i s an activity childre n enjo y 
and on e that help s to fi x th e individua l fact s in the memory . 

27. Eve n fo r proble m solvin g certain materia l aids can be useful. Fo r instance, t o 
attack a  proble m i n a  traditiona l geometr y course , a  systemati c approac h i s helpe d 
by a  diagra m showin g th e mai n theorem s o f Euclid . Generall y pupil s shoul d b e 
encouraged t o make , an d use , summarie s o f the information a t thei r disposal . (Eve n 
many universit y student s d o not d o this) . 

28. A n approac h tha t bot h save s tim e an d create s interes t i s t o us e futur e 
theorems a s exercises . (Theorem s generall y shoul d b e presente d a s problems , an d 
not though t o f a s a separate category) . For instance , in calculus to evaluat e 

dx fo r n  =  0 , 1 , 2 . .  .  is a reasonable exercise . But thi s integral is still 

meaningful whe n n  i s a fraction an d allow s us to defin e n  ! for fractiona l n. 

29. I n trigonometry , derivin g th e formula s fo r si n 2 A an d co s 2 A ca n b e 
presented a s a  proble m i n co-ordinat e geometry ; i f (c , s ) i s the poin t o n th e uni t 
circle at angl e A, what ar e the co-ordinate s o f the poin t a t angle 2A ? 

30. Conversely , mor e advance d topic s giv e a  goo d excus e fo r takin g anothe r 
look a t earlie r question s an d treatin g the m mor e efficiently . I t i s really remarkabl e 
that simpl e formula s shoul d exis t fo r th e sin e an d cosin e o f a  sum ; fo r mos t func -
tions, f(A+B ) i s no t a t al l simpl y relate d t o f(A ) an d f(B) . Matrices give one way o f 
seeing wh y suc h formula s exis t an d derivin g them . Wit h calculu s on e ca n mak e 
plausible th e connectio n o f sin e an d cosin e wit h e ix an d thu s reduc e al l trigono -
metric identitie s t o algebra . 

31. Ther e i s th e utmos t diversit y o f view s o n th e statu s o f trigonometry . Som e 
topologists, wh o neve r us e it , regar d i t a s a  wast e o f time . A t th e othe r extreme , 
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most practica l peopl e stil l hav e t o dea l wit h soli d object s tha t hav e definit e shape s 
and sizes . I n it s traditiona l for m trigonometr y i s stil l relevan t fo r a n architec t o r an 
astronomer. Th e trigonometrica l function s ar e relevan t t o mechanica l an d electrica l 
oscillations, to comple x variabl e and t o Fourie r series . 

32. I  believ e ther e i s genera l agreemen t tha t wor k o n th e solutio n o f triangle s 
can b e prune d drastically , particularl y numerica l wor k wit h logarithm s an d th e 
related formulae . A s a  metho d o f calculation , logarithm s are nearly obsolete . (The y 
may stil l b e usefu l fo r findin g a n wit h larg e n) . Th e logarithmi c scal e i s stil l o f 
significance an d i s readily introduce d i n connectio n wit h the slid e rule. Incidentall y 
the 17t h centur y approac h t o logarithm s wa s muc h simple r tha n th e moder n one , 
as logarithm s precede d fractiona l indice s b y abou t hal f a  century . Ther e ar e con -
siderable teachin g advantage s i n definin g logarithm s first , an d the n definin g x k, fo r 
any k , a s th e numbe r tha t occur s k  time s a s fa r alon g th e slid e rul e a s x . Childre n 
are willing to conced e tha t suc h a number exists , while they ma y hav e serious doubt s 
whether 10 0'301 mean s anything a t all . 

33. I  a m incline d t o regard algebra , co-ordinate geometr y o f 2  and 3  dimensions, 
and trigonometr y a s a n indissolubl e whole . Trigonometr y enter s naturall y a s th e 
means whereb y " a distanc e r  a t a n angl e 0 " i s translate d int o co-ordinat e form . 
Co-ordinate geometr y o f 3  dimension s sound s ver y imposing , bu t i n fac t ca n b e 
taught t o youn g childre n o f limite d abilit y i f i t i s presente d concretel y -  wit h 
vertical straw s o n a  perforate d board , or , in an agricultural setting , sticks driven int o 
a mudd y piec e o f ground . Three-dimensiona l co-ordinate s are an effective devic e fo r 
the desig n o f an y complicate d soli d objec t —  a n aeroplane , a  building , a  piece o f 
metal work . A t a  mor e advance d level , co-ordinate s provid e a  framewor k fo r mos t 
physical problem s an d als o a s a  wa y o f representin g purel y mathematica l ideas ; 
vectors, Hilber t space , etc . 

"New" Mathematics: Errors and Possibilities 
34. I  do no t mysel f accep t an y meanin g o f th e "ne w mathematics " or "moder n 

mathematics" other than the research advance s since 1900 . As commonly misapplied , 
these phrase s ar e use d t o giv e prestig e t o an y teachin g innovation , good , ba d o r in-
different. I n U.S.A . "traditional " i s used t o describe thei r traditio n o f very bad , rot e 
teaching an d thenc e (b y doubl e speak ) t o smea r an y topi c previousl y taught . I t i s 
therefore necessar y t o discus s eac h innovatio n individually , an d t o apprais e i t a s 
good o r bad . 

35. Ontario , lyin g uncomfortabl y clos e to U.S.A. , has suffered o n occasion fro m 
an uncritica l acceptanc e o f America n ideas . A n officia l curriculu m introduce d a 
few year s ag o organise d th e wor k o f eac h yea r aroun d suc h topic s a s th e se t o f 
natural numbers , th e se t o f integers , th e se t o f rational s an d s o forth . Thi s i s an 
entirely incorrec t basi s o n whic h t o build , reflectin g th e procedur e o f th e graduat e 
school rathe r tha n th e need s o f th e child . I n th e kin d o f approac h visualize d b y 
Miss Bigg s (whos e prestige , I  a m gla d t o say , is steadily growing in Ontario) a  young 
child ma y mee t whol e number s an d fraction s i n hi s firs t fe w encounter s wit h 
measurement. Th e abstrac t approac h ha s drive n schoo l mathematic s an d schoo l 
science farthe r apar t —  th e opposit e o f wha t i s needed bot h o n educationa l an d o n 
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technological grounds . Th e effect s hav e bee n mos t disastrou s fo r th e les s academi c 
but mor e activ e an d practicall y minde d child . I n a  cours e fo r suc h pupil s (15 year s 
old) great stress was laid on "th e se t o f irrationa l numbers" . One over-zealous teache r 
had t o b e restraine d fro m settin g a n examinatio n questio n "Prov e tha t th e se t o f 
irrational number s i s no t close d unde r addition" . I  canno t imagin e ho w a  teache r 
would hop e t o ge t technica l student s excite d abou t suc h a  topi c whic h i s com -
pletely irrelevan t t o thei r purpose s an d interests . Wha t make s suc h regulations even 
more tragi c i s tha t al l th e relevan t informatio n abou t irrational s woul d arise , 
naturally an d incidentally , a s a  passing commen t o n Pythagora s Theorem , whic h i s 
of rea l an d immediat e concer n t o technica l classes . The diagona l o f a  square involve s 

2. A  teache r ca n poin t ou t tha t table s giv e approximat e value s o f 2,  bu t yo u 
will no t ge t 2  i f yo u squar e these , since in fac t ther e i s no fraction p/ q whos e squar e 
is exactl y 2 . Th e reaso n migh t b e indicated ; squarin g cause s eac h prim e facto r t o 
occur an even number o f times , a single factor 2  cannot b e obtained . 

36. Excessiv e logica l analysis can inhibit mathematica l thinking . This was demon-
strated lon g ag o o n th e larges t possibl e scale , tha t o f worl d history . Th e followin g 
passage i s fro m Cajori , A  History  of  Mathematics-,  th e fina l sentenc e i s quoted b y 
Cajori fro m th e mathematician Hankel ; — 

"The Hindu s neve r discerne d th e dividin g lin e betwee n number s and magnitudes , 
set u p b y th e Greeks , which , thoug h th e produc t o f a  scientifi c spirit , greatly 
retarded the  progress  of  mathematics.  The y passe d fro m magnitude s t o number s 
and fro m number s t o magnitude s withou t anticipatin g tha t ga p whic h t o a  sharp 
discriminating min d exist s betwee n th e continuou s and th e discontinuous . Yet b y 
doing s o th e Indian s greatl y aide d th e genera l progres s o f mathematics . "Indeed , 
if on e understand s b y algebr a th e applicatio n o f arithmetica l operation s t o com -
plex magnitude s o f al l sorts , whethe r rationa l o r irrationa l number s o r space -
magnitudes, the n th e learne d Brahmin s o f Hindusta n ar e th e rea l inventor s o f 
algebra" " . 

The Indians , incidentally , wer e applie d mathematicians . The y wante d mathe -
matics i n orde r t o d o astronom y an d (lik e th e 17t h centur y discoverer s of calculus ) 
did no t hav e the inhibitions o f th e Greeks , who were not tryin g to go anywhere. 

37. Goo d mathematic s require s a  balanc e betwee n th e India n an d th e Gree k 
approaches. Goo d teachin g select s whateve r mixtur e o f thes e i s mos t appropriat e 
to th e pupi l bein g taught . 

38. No w o f cours e th e America n colleg e professor s wh o create d th e vogu e fo r 
the se t o f irrational s hav e a  perfectly soun d poin t i n logic . I f fo r instanc e w e deter -
mine x  =  co s 72 0 b y solvin g th e 5t h degre e equatio n tha t expresse s cos 5A = 1 , we 
are assumin g tha t th e usua l algebrai c procedure s ma y b e applie d t o th e irrationa l 
number x. No doubt a t som e stage, for som e students , the implications o f this shoul d 
be analyze d and , s o fa r a s possible , justified . Wha t i s overlooke d i s this . Fo r a 
teacher i n a  neighbourhoo d o f boisterou s children , th e firs t consideratio n i s no t 
the logica l precisio n o f hi s lessons ; rather , i t i s th e dramati c impact , ho w fa r th e 
pupils wil l loo k forwar d t o th e lesson s an d fee l tha t the y ar e learnin g somethin g 
exciting an d worthwhile . I f a  cours e i s dull , i t doe s no t matte r ho w soun d i t i s in 
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other respects ; pupil s wil l no t pa y muc h attentio n t o it . I n plannin g course s muc h 
more attentio n shoul d b e give n t o thi s question . A t frequen t interval s i t shoul d b e 
clear t o th e pupi l tha t th e las t chapte r ha s enable d hi m t o design , o r make , o r 
understand, o r d o somethin g h e coul d no t d o before. Th e firs t thin g a  teacher mus t 
prove t o hi s clas s i s tha t th e cours e i s no t a  wast e o f time , an d th e proo f mus t b e 
a spontaneou s reactio n i n their hearts , not a n argument grudgingl y accepte d b y thei r 
heads. 

39. I n passing , I  believ e a n excellen t for m o f teache r trainin g i s t o g o int o a 
street o r par k o r publi c plac e wher e ther e ar e childre n ove r who m yo u hav e n o 
disciplinary powers, and start doin g something to se e how man y childre n com e roun d 
you, how long they stay , and wha t question s they ask . 

40. T o retur n t o th e questio n o f logic ; a "preview " approac h i n mathematic s is 
perfectly justifiabl e —  tha t is , firs t t o develo p a  subjec t informally , i n a  wa y tha t 
commands th e intuitiv e assen t o f the learner , an d to sho w wha t ca n be done with it ; 
at a  late r stage , a n analysi s o f th e logica l foundation s ma y b e undertaken . Thi s i s 
generally recognize d (withi n th e Commonwealth ) i n th e teachin g o f calculus ; a n 
intuitive treatmen t shoul d preced e a  cours e i n analysis . I n th e sam e way , I  woul d 
explain ho w Eule r arrive d a t th e connectio n betwee n trigonometr y an d e ix befor e 
discussing th e Argan d diagra m o r th e logica l accoun t o f comple x numbers . Firs t 
show tha t a  metho d lead s t o interesting results , they tid y u p the logic . For i f i t doe s 
not lea d anywhere , wh y shoul d th e learne r spen d tim e o n it ? O f cours e i t i s good 
to prepar e th e groun d fo r th e late r development s b y indicatin g tha t loos e us e o f 
infinite serie s ca n lea d t o fallacies , tha t picture s ca n deceive , an d s o on. How muc h 
this is done mus t depen d o n the teacher' s estimate o f the clas s he is teaching. 

41. I n recen t year s w e hav e hear d a  lo t abou t commutative , associativ e an d 
distributive (C.A.D. ) properties . I t seem s natura l t o as k —  wha t i s the rol e o f thes e 
concepts i n mathematics ? —  ho w di d peopl e com e t o thin k o f them ? Thes e term s 
appeared firs t i n th e perio d 1800-1840 , shortl y afte r Gauss , Argand and Wesse l had 
given a  geometri c interpretatio n o f -1.  Th e entity i  had alway s been somethin g o f 
a puzzle ; i t wa s no t a  number , an d ye t algebraicall y i t seeme d t o behav e lik e a 
number. Whe n additio n an d multiplicatio n o f comple x number s wer e define d 
geometrically, th e questio n naturall y aros e —  wha t propertie s o f thes e operation s 
must w e establish , i n orde r t o prov e tha t ordinar y algebr a work s fo r them ? I t 
emerged tha t mos t o f th e thing s don e i n algebr a wer e logica l consequence s o f th e 
C.A.D. properties ; an y syste m wit h thes e propertie s coul d b e handle d as  if  it  con -
sisted o f numbers . Hamilton , tryin g t o generaliz e comple x numbers , foun d quater -
nions with properties A. and D . but no t C . Matrices followed soo n after . 

42. Grea t mystificatio n i s cause d i f teacher s an d pupil s ar e tol d tha t som e 
concept is important bu t are not show n significan t application s o f this . That certainl y 
happened i n th e U.S.A . wher e word s suc h a s Se t an d Commutativ e receive d a  kind 
of religiou s veneration . I  therefor e distinguis h betwee n th e unobtrusive  mentioning 
of an  idea  (whic h i s a n excellen t wa y t o prepar e pupil s fo r futur e work ) an d th e 
stressing of it,  whic h indicate s tha t yo u ar e abou t t o us e i t i n derivin g theorem s of 
some substance . 
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43. Th e American s were , I  think , quit e correc t i n holdin g that , fro m th e ver y 
first lesso n i n arithmetic , w e shoul d b e preparin g childre n t o d o algebr a on e day . 
The earl y mentio n o f th e C.A.D . propertie s i s i n order . Thu s w e woul d no t merel y 
teach particula r fact s suc h a s 2  +  3  =  5  bu t rais e question s o f more genera l import , 
such as "When numbers are added, doe s the orde r matter?" , "And fo r multiplication , 
does orde r matter?" , "Wha t i s th e crafties t wa y o f workin g out 5 8 X  3  + 58 X  7?". 
A goo d pupi l i n a  traditiona l arithmeti c clas s understoo d al l thes e things ; howeve r 
it i s quit e soun d t o mak e sur e the y ar e brought t o the attentio n o f every pupil . The 
ideas involved ar e evidently helpfu l i n arithmetic and in beginning algebra . 

44. Th e C.A.D . propertie s ca n b e use d t o introduc e negativ e numbers , a s i n 
Durell, Palme r an d Wright' s boo k o f 192 0 an d late r i n American S.M.S.G . schemes , 
though I  woul d no t regar d i t a s goo d teachin g t o rel y solel y o n thi s approach . 
Formal propertie s ar e singularly unrea l to man y children , and in fact d o not clea r up 
all th e logica l question s involved . Pictoria l an d inductiv e argument s shoul d als o b e 
used t o establis h confidenc e i n the use of negative numbers . 

45. C.A.D . mos t properl y take s the centr e o f the stage when pupil s have met an d 
used system s othe r tha n number s (notabl y matrice s and comple x numbers ) an d hav e 
met new features, such as, in matrices, quadratics wit h an infinity o f solutions . At thi s 
stage th e question o f whic h algebraic processes and theorem s remain valid arise s very 
naturally, an d th e justificatio n o f algebr a b y th e C.A.D . propertie s make s sens e t o 
learners. 

46. I  hav e alway s though t tha t th e splittin g o f th e "in-any-orde r rule " int o th e 
pair o f properties , commutativ e an d associative , i s a  somewha t subtl e affair , an d 
some though t migh t b e give n a s t o how , an d a t wha t stage , this might bes t b e done . 
The qualification s o f th e teacher s ar e relevant . I n som e places , teacher s ar e no w 
making incorrec t statement s abou t set s wher e befor e the y onl y mad e incorrec t 
statements abou t numbers . 

Modern Mathematics Proper 
47. I t seem s reasonabl e t o suppos e that , a s tim e passes , som e mathematica l 

results o f th e presen t centur y wil l fin d thei r wa y int o schools . Ther e i s a  difficult y 
in recognizin g whic h result s thes e shoul d be . Wit h classica l mathematics , w e hav e 
a fai r ide a o f ho w eac h topi c relate s t o othe r part s o f mathematic s an d t o applica -
tions. Recen t mathematic s i s spli t int o s o many specialitie s an d i s so abstractly pre -
sented tha t i t i s often difficul t t o realize the inter-relations o r to recognize tha t som e 
paper i s helpful fo r a  problem on e want s to solve . Associations and institutes shoul d 
encourage mathematicians and users of mathematics to writ e understandable account s 
of th e origin s and application s o f recent mathematics . To some extent thi s is already 
happening. 

48. A  singl e example , take n fro m topology , wil l perhap s illustrat e wha t I  mean. 
It i s a  generalizatio n o f a  classica l result , i n comple x variable . Suppos e w e hav e a 
polynomial f(z)  an d wan t t o kno w how many solution s f (z) =  0 has inside a  curve C. 
An interestin g theore m give s the answer . Suppos e that , a s z goes round th e curv e C, 
the poin t f (z) goe s roun d th e curv e K , which , i n ou r figure , make s 2  circuits of th e 
origin. Then w e can asser t there are 2  zeros (or 1  double zero ) of f (z) insid e C. 
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49. No w complex numbers are an extraordinary an d uniqu e system . Our theore m 
seems a  very specia l an d limite d one . But in fact , b y pickin g out it s essential basis , it 
can be made very general. Suppose w e consider no t merel y th e contou r C  but imagin e 
a membran e coverin g its interior. This membrane wil l transform t o a  membrane wit h 
boundary K , an d ther e wil l be 2  layers of i t ove r the origin . If , instea d o f requiring f 
to b e a polynomial w e simply require f  t o b e continuous, the transformed membran e 
may hav e fold s i n it , bu t w e ca n stil l asser t ther e wil l b e at  least  2  sheet s o f th e 
membrane ove r 0 , henc e 2  zero s o f f  insid e C . Thi s theore m generalize s t o highe r 
dimensions, an d give s a  useful wa y o f locatin g the solution s o f a  complicated syste m 
of equations . Incidentall y thi s metho d meet s the criterio n give n by Professo r A.J.M . 
Spencer i n hi s articl e The  Education  of  Mathematicians  for  Industry  (Mathematica l 
Gazette, Octobe r 1967) ; it allows us to fin d approximat e solution s of real problems, 
rather tha n neat , exac t solution s o f unreal problems . 

Mathematics and Utility 
50. Wha t mathematic s d o peopl e actuall y us e i n life ? I n principl e thi s ough t t o 

be on e o f th e easies t question s t o answer , for , unlik e mos t educationa l question s i t 
does no t involv e th e natur e o f th e huma n mind , abou t whic h w e kno w almos t 
nothing. I t i s relativel y eas y t o coun t ho w man y peopl e d o a  particula r jo b an d 
what mathematic s is , coul d o r shoul d b e use d i n suc h work . O f cours e ther e i s th e 
difficulty o f forecastin g futur e developments . Ye t a t leas t w e coul d establis h shor t 
term trend s -  automatio n i s wipin g ou t th e deman d fo r a  certai n skil l a t s o man y 
thousand job s a  year , an d i s creatin g th e deman d fo r som e othe r skil l a t suc h an d 
such rate . 

51. I t i s necessary t o maintain a  mind a t onc e open and sceptical . An educationa l 
system i s lik e a n army ; i t take s tim e t o mov e i t fro m on e spo t t o another , an d stil l 
longer t o brin g i t bac k i f you r firs t decisio n wa s wrong . I  have bee n struc k b y th e 
loose thinkin g abou t educatio n o f many , includin g mathematicians . Someon e wil l 
say a  certai n topi c i s importan t whe n al l h e reall y know s i s tha t i t i s much use d in 
his ow n (non-applicable ) research . Someon e proposes a  topic fo r th e schoo l syllabu s 
on th e ground s tha t i t i s use d i n electroni c computing , bu t h e omit s t o mentio n 
whether i t arise s i n research , manufacture , maintenanc e o r programmin g o f com -
puters. A  mathematicia n i n lov e wit h hi s specialit y ma y clai m i t is practical becaus e 
it has been used i n a  single scientific paper . 

52. M y othe r activitie s hav e neve r allowe d m e t o giv e mor e tha n fragmentar y 
attention t o surveyin g th e use s o f mathematics . An d i n fac t a n adequat e treatmen t 
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requires fa r mor e tha n ca n b e give n b y on e individual . I  hav e suggeste d o n variou s 
occasions tha t th e user s o f mathematic s ough t t o mak e a  periodical report , availabl e 
to teachers , o n trend s i n th e application s o f mathematics . Eve n a  smal l journal , 
abstracting th e mos t importan t publishe d information , woul d b e helpful. Th e report s 
should mak e clea r whethe r th e development s affecte d industria l o r agricultura l 
countries, man y o r fe w workers , scientists or technicians, skille d o r unskilled. Vagu e 
general statement s would b e forbidden , an d concret e example s would b e given o f th e 
problems involved . Suc h a  periodica l repor t woul d b e of great value to many peopl e 
besides teachers , an d th e Commonwealt h probabl y ha s th e resource s t o arrang e i t 
without settin g up an y elaborat e ne w organisation . 

53. O f cours e w e canno t predic t fa r ahead . Fort y year s ago (when teacher s no w 
retiring wer e jus t beginning ) scoffin g woul d hav e greete d a  forecas t tha t i n 196 8 
unemployment woul d hav e bee n relieve d becaus e man y peopl e wer e gainfull y 
employed tryin g t o pu t a  man o n th e moon . N o doub t 200 8 wil l prove equally un -
expected. M y proposa l i s no t intende d t o provid e teacher s wit h a  crysta l bal l t o 
see th e future ; i t simpl y trie s t o provid e the m wit h eye s t o se e wha t i s happenin g 
now, s o tha t w e ma y mak e a n intelligent gues s what t o expec t to-morrow , an d kee p 
correcting ou r guesse s a t th e firs t opportunity . Needles s t o say , school s shoul d no t 
try t o teac h th e details  o f to-day' s technolog y (whic h wil l soo n be out o f date ) bu t 
general principles  tha t ar e likel y t o endure . Howeve r to-day' s examples , properl y 
used, giv e realit y an d interes t t o lessons . 

54. I n 1945- 7 th e Colleg e o f Technolog y i n Leiceste r collecte d example s of th e 
use o f mathematics in the city . Sinc e then o f cours e computers an d automation hav e 
brought man y changes , bu t on e conclusio n stil l stands ; th e wides t us e o f mathe -
matics i s no t t o solv e problems , bu t a s a  language i n whic h on e learn s scienc e an d 
technology. Mor e recently , I  mad e a  small sampling o f books on various subjects, t o 
see the kind o f mathematics used . Books are not alway s good indicator s o f ne w idea s 
(since author s and reader s alike are usually unawar e o f recent mathematics ) bu t the y 
give som e indicatio n whic h traditiona l topic s retai n vitality . Elementar y algebr a i s 
certainly on e o f these . I t i s hard t o se e how any developmen t i n higher mathematic s 
can supersed e th e us e o f algebr a fo r statin g simpl e scientifi c laws , an d makin g 
deductions b y combinin g suc h statements . Fluenc y i n readin g algebra , th e abilit y 
to appreciat e th e meanin g o f a n equatio n o r a  grap h an d t o associat e i t wit h it s 
applications, i s an d wil l remai n a  mos t valuable asset , in everything from electronic s 
to ecology . 

55. I n agricultura l countries , interes t ma y centr e aroun d th e science s relate d t o 
biology; i n thes e (a s als o i n man y industria l questions ) statistic s play s a  larg e role . 
Accordingly, i t seem s tha t fo r biologists , an d fo r other s wh o d o no t inten d t o tak e 
very muc h mathematics , a n attemp t shoul d b e mad e t o giv e familiarit y wit h th e 
binomial coefficient s an d thei r rol e in probability. I n view of the normal erro r curv e 
and th e Poisso n distributio n (bot h o f biologica l significance ) enoug h calculu s t o 
understand e x seem s indicated . T o trea t e x b y algebr a (a s i n Hal l an d Knight ) i s 
appalling. I t i s mos t undesirabl e t o hav e peopl e workin g wit h a  symbo l lik e e  an d 
having n o ide a o f it s meanin g o r derivation . I n Calculus  Made  Easy,  Sylvanu s P . 
Thompson slippe d e  i n ver y earl y an d easily . I t woul d b e goo d i f some such simpl e 
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treatment o f a  limite d par t o f calculu s coul d b e taugh t a s soo n a s a  pupi l ha d a 
grip on the basic ideas of algebra; calculus could the n be used righ t throug h secondar y 
school, fo r instanc e wheneve r a  grap h ha d t o b e sketched . It s idea s woul d thu s 
become very familiar . 

56. Th e abilit y t o rea d scienc e i s o f concer n t o al l citizens , no t merel y t o som e 
employees. Ther e wa s a  scar e recentl y abou t possibl e harmfu l effect s o f radiatio n 
from colou r televisio n sets . Her e a n everyda y questio n involve s tw o profoun d 
scientific topic s —  radiatio n an d Mendelia n genetic s (probabilit y an d binomia l co -
efficients again) . I n th e newspaper s ther e hav e bee n discussion s o f ho w man y part s 
of sulphu r dioxid e pe r millio n part s o f ai r industr y ca n safel y subjec t cit y dweller s 
to; whethe r th e sprea d o f industr y wil l reduc e th e oxyge n conten t o f th e air below 
that necessar y t o sustai n lif e or , more conservatively , whethe r th e increase of carbo n 
dioxide i n th e atmospher e wil l caus e th e pola r cap s t o mel t an d rais e th e sea-leve l 
by 18 0 feet ; th e poisonin g o f animal s an d huma n being s b y th e unwis e us e o f 
pesticides; al l kind s o f unexpecte d an d undesirabl e effect s o f substance s sol d i n 
chemists' shops ; and o f cours e nuclea r fusion . No t al l the fear s ma y b e justified, bu t 
the ver y raisin g o f thes e question s i s a  sympto n o f th e enormou s increas e o f man' s 
power t o interfer e wit h nature . W e are i n th e positio n o f th e sorcerer' s apprentice ; 
we have much mor e powe r than sense . 

57. I t ma y b e though t tha t mos t peopl e ar e incapabl e o f appreciatin g th e 
scientific issue s tha t no w permeate ou r lives . Indeed I  do not believ e that geneticall y 
mankind i s an y mor e intelligen t tha n i t wa s hal f a  millio n year s ago . Bu t under -
standing i s no t a  purel y individua l achievement . Literac y onc e mean t th e abilit y t o 
master severa l thousan d Chines e characters ; to-day i t mean s th e abilit y t o lear n 2 6 
letters an d t o cop e wit h som e odditie s i n Englis h spelling , whil e i n Ghana i t simpl y 
means th e powe r t o maste r a  full y phoneti c alphabet . A n ancien t Gree k neede d 
something lik e geniu s t o recogniz e tha t th e eart h wa s round ; to-da y a  child , to o 
young t o g o t o school , ma y se e o n televisio n a  pictur e o f th e eart h take n fro m 
space, an d gro w u p neve r doubtin g tha t th e eart h i s round. Ther e ar e alway s way s 
to mak e idea s clear ; ou r tas k i s t o fin d them . Earlie r generation s woul d hav e bee n 
astonished a t th e ide a o f ever y chil d learning to read . I t ma y no t b e very lon g befor e 
we take fo r grante d tha t ever y chil d ca n read mathematics . 
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REPORT OF WORKING GROUP A.2. 

Chairman: B . Noonan, Ph.D. (Canada) 

Introduction 
58. Becaus e o f th e grea t variet y o f form s o f curricul a throughou t th e Common -

wealth, fo r teachin g mathematics a t secondar y level , it wa s the opinion o f thi s group 
that it s wor k coul d bes t b e carrie d ou t b y initia l discussio n o f detai l whic h woul d 
lead to the enunciation o f principle s and recommendations whic h would b e represen -
tative o f th e wealt h o f experienc e o f attendin g delegates . Suc h principle s an d 
recommendations coul d the n serv e a s guides , with al l the reliability tha t experience , 
training and considere d opinio n ca n give. 

59. Secondar y educatio n ha s differen t meaning s i n th e variou s countrie s 
represented an d th e effec t of , say , a n externa l examinatio n take n a t th e end o f th e 
third yea r canno t b e ignored . Nevertheless , i t wa s fel t tha t th e difference s resultin g 
from thes e variations were not s o great a s to inhibit a  general discussion . 

The transition from primary schoo l 
60. Th e firs t proble m considere d wa s tha t o f transitio n fro m th e primar y schoo l 

and delegate s discusse d th e knowledg e an d skil l which one would expec t o f entrant s 
to th e secondar y school . It wa s agreed that : 

Any attemp t t o over-loa d th e primar y schoo l syllabus should b e avoided an d that , 
although certai n elementar y skill s wer e essential , th e attitude s wit h whic h th e 
child approaches mathematics were all-important. It wa s stressed tha t examination s 
should concer n themselve s not onl y wit h the acquisition o f skill s but als o with th e 
development o f understandin g an d attitude , particularl y i n those countrie s wher e 
some selection fo r secondar y educatio n ha s to b e made. 

Planning a  new syllabu s 
61. Th e provisio n o f syllabuses in secondary school s was considered. The genera l 

view was that : 

It was desirable that teachers should have considerable freedo m i n deciding syllabu s 
content, althoug h i t woul d b e unrealisti c t o thin k tha t al l teacher s ar e ye t read y 
for thi s responsibility . Th e settin g u p o f Syllabu s Committee s in countries wher e 
they d o no t exist , shoul d b e encouraged . O n thes e committee s teacher s shoul d 
play a  dominan t role , bu t personne l fro m industr y an d Governmen t shoul d b e 
included. I n case s wher e externa l examination s ar e se t fo r oversea s students. , th e 
examining bodie s should b e guided b y local requests. 

Organisation 
62. Th e grou p discusse d schoo l an d classroo m organisatio n an d recommende d 

that: 
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(a) Schoo l principals should arrang e timetables to permi t settin g in mathematics . 
Under thi s arrangemen t a  grou p o f classe s i n a  particula r yea r hav e mathe -
matics simultaneously , th e student s bein g assigne d t o classe s accordin g t o 
ability i n mathematics . Thi s arrangemen t allow s a  studen t t o transfe r a t an y 
time during the year t o a  class which accommodates hi s ability . 

(b) Classroo m furnitur e shoul d b e chose n s o a s t o facilitat e grou p workin g an d 
classroom activitie s which are inhibited b y traditiona l patterns . 

(c) Wher e possible , mathematic s teacher s shoul d hav e individua l classroom s t o 
which classe s ma y g o i n turn . Failin g this , a  minimu m requiremen t i s a 
mathematics roo m o r a  laboratory suitabl y equipped . 

The common core 
63. Th e desirabilit y o f providin g a  commo n cor e syllabu s i n th e earl y year s o f 

secondary schoo l was considered. I t wa s agreed that : 

All childre n i n th e firs t fe w year s o f thei r secondar y educatio n shoul d pursu e 
courses wit h a  commo n core . Thos e childre n mor e able in mathematics shoul d b e 
given th e opportunit y t o stud y topic s i n greate r dept h and t o conside r additiona l 
topics. A t th e othe r en d o f thi s abilit y range , topic s shoul d b e treate d i n a more 
informal manner , bu t a t th e sam e time, such childre n shoul d no t b e deprived o f an 
enrichment programme . 
64. Th e followin g principle s fo r th e desig n o f a  mathematic s cours e wer e 

recommended: 

(i) Th e establishment of a natural link with primary schoo l teaching which shoul d 
make the transitio n fro m primar y t o secondar y schoo l as smooth a s possible. 

(ii) I n som e situation s a  practica l approac h involvin g studen t activit y woul d b e 
a usefu l teachin g techniqu e t o use . Teacher s o f mathematic s i n secondar y 
schools shoul d b e familia r wit h an d tak e a n interes t i n primar y schoo l 
methods and encourag e th e continuanc e o f thes e where appropriate . 

(iii) I n secondar y schoo l ther e shoul d b e a shift o f emphasi s to systematisin g an d 
formalising, as well as expanding, the concept s and experience o f th e primar y 
school. 

(iv) T o mak e th e cours e relevan t t o th e Communit y an d it s mathematical need s 
as far a s they ca n be identified . 

(v) Th e schoo l curriculu m shoul d b e integrate d s o tha t th e contributio n o f a 
subject t o eac h o f it s relate d subject s ca n b e use d t o th e bes t advantage e.g . 
the mathematica l concept s necessar y t o physic s should b e co-ordinated wit h 
the physic s programm e and , o n th e othe r hand , aspect s o f physic s whic h 
could serv e t o illuminat e th e nee d fo r mathematica l concept s shoul d b e co-
ordinated wit h the mathematics programme . 

(vi) Proo f o r som e othe r for m o f justification shoul d b e give n fo r al l formulae , 
algorithms and theorem s considered . 
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(vii) I n case s wher e th e child' s forma l educatio n i s t o terminat e afte r 3  years, he 
must leav e schoo l no t onl y wit h a n acceptabl e degre e o f numerac y (i.e . in -
sight int o mathematica l thinkin g i n genera l an d int o al l basi c arithmetica l 
techniques) bu t als o wit h tha t flexibilit y o f min d whic h woul d enabl e hi m 
to apply himsel f t o problem s he wil l meet a s a member o f hi s community . 

The first thre e years 
65. I n considerin g th e need s o f pupil s i n thei r firs t thre e year s o f secondar y 

education n o attemp t wa s mad e t o la y dow n a  syllabu s o r t o sugges t th e orde r i n 
which topic s shoul d b e taught . Th e dept h o f treatmen t o f these items, and th e wa y 
in whic h the y woul d b e introduced woul d vary from countr y t o countr y an d indee d 
from clas s t o clas s o r eve n pupi l to pupil . For example , although al l pupils would b e 
expected t o b e able to solv e linear equations , quadratic equations would b e include d 
only whe n ther e wa s a  clea r need . I n th e opinio n o f th e group, the following topic s 
are those whic h should b e encountered b y al l students . 

Number 
number line , extension t o negative numbers, rationals, irrationals, and real s 
place value, scientific notatio n (e.g . 2.3 8 X 10- 6 ) 
computational aid s (e.g. the slide rule) 
percentage, ratio, approximation an d erro r estimatio n 

Algebra 
variable, function s 
algebraic expressions and operation s 
relations, equivalence relation s 
inequalities, identities, formula e 
equations, solution o f equation s 
graphical representatio n 

Geometry 
area and volume , the theorem o f Pythagora s 

similarity, angle measure and angle properties , 

elementary trigonometr y 

plans and elevation s 

co-ordinate geometry . 
Identity element s an d invers e elements should b e studied i n geometrical as well as 

in numerical and algebrai c contexts . 

Statistics and  Probability 
It was suggested tha t consideratio n o f probabilit y shoul d sprin g from th e pupil' s own 
experiments, an d tha t th e statistic s studie d shoul d b e confine d t o representing dat a 
by means of graphs or tabulation, th e interpretation o f dat a exhibited i n these forms , 
and th e use of th e measures , mean, mode and median . 
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66. Term s suc h a s equivalence relatio n wer e no t expecte d t o b e use d b y pupils , 
or necessarily to b e defined explicitly , bu t nevertheles s the ideas should permeat e th e 
teaching. Fo r example , childre n shoul d realis e th e similarit y betwee n 'i s equa l to ' 
'is paralle l to ' an d 'wa s bor n i n th e sam e yea r as' . 

67. I t mus t b e stresse d tha t thi s skeletal plan mus t b e supported b y a  full enrich -
ment programm e appropriat e t o th e pupil s concerned , fo r example , matrice s migh t 
be studie d no t onl y fo r thei r ow n sak e but als o to increase the pupil' s understandin g 
of suc h item s a s operations , equations , invers e element s an d co-ordinat e geometry ; 
while th e stud y o f transformatio n o r vecto r geometr y would , amongst othe r things , 
greatly increas e a  child' s experienc e o f spatia l relations . Th e grou p fel t tha t th e 
choice o f suc h topics should b e left t o individual countrie s o r teachers . 

Fourth and Fifth Years 
68. Whe n considerin g th e syllabu s fo r th e fourt h an d fift h years , the group pai d 

special attentio n t o the fac t tha t fo r man y student s this would mark th e end o f thei r 
formal educatio n i n mathematics. For suc h students topic s wit h socia l and economi c 
relevance should be given particular consideration . The following topic s were though t 
to b e appropriate : 

(a) Linea r programmin g 
(b) Statistic s u p t o sampl e theor y an d significanc e (includin g project s o f a n 

experimental nature ) 
(c) Co-ordinat e geometr y an d vector s 
(d) Operative s i n system s othe r tha n th e rea l numbers e.g . matrices, geometrica l 

transformations 
(e) Computing , flow charts, programming in some sub-set s of high level language, 

Computer appreciatio n 
(f) Socia l arithmetic e.g . income-tax, hire-purchase etc . 

Sixth and Seventh Years 
69. Th e choic e o f topic s a t thi s leve l shoul d b e sufficientl y wid e t o satisf y th e 

needs of : 

(i) thos e whos e forma l educatio n i n mathematic s wil l terminat e a t th e en d o f 
this stage ; 

(ii) futur e social  an d biologica l scientists ; 
(iii) futur e physica l scientist s an d engineers ; 
(iv) futur e specialist s i n mathematics . 

70. Ther e wa s considerabl e discussio n o f th e conten t o f moder n sixth-for m 
syllabuses. I t wa s agree d tha t som e o f th e principle s whic h shoul d guid e the choic e 
of conten t are : 

(i) th e nee d t o systematis e part s o f mathematics , fo r instance ; co-ordinat e 
geometry, properties o f polynomials , elementary numbe r theory ; 

(ii) th e nee d fo r refinin g th e idea s o f proo f an d th e us e o f axiomati c processe s 
where possible . Fo r example , elementar y abstrac t algebr a ca n b e use d t o 
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justify rigorousl y result s presente d informall y i n th e earlie r grades . O n th e 
other hand , th e introductio n t o th e calculu s shoul d b e based o n an intuitiv e 
approach t o limits ; 

(iii) th e need t o mak e mathematica l model s of physica l situations : i.e . abstractin g 
from a  physical situatio n b y symbolisin g quantitie s and relations , and arrivin g 
at mathematica l conclusion s i n th e mode l whic h ca n be interpreted i n term s 
of th e physica l situation . Such illustrations ar e to b e found i n mechanics an d 
probability; 

(iv) th e nee d t o develo p facilit y i n th e us e o f mathematica l methods . 

71. I t i s recommended tha t student s shoul d be familiar wit h some of the precis e 
language of mathematics , including contemporar y terminolog y relevan t t o the cours e 
they are pursuing . 

PLENARY DISCUSSIO N OF REPORT OF WORKING GROUP A.2 

Survey and Comment s 

72. I n th e organisatio n o f th e Conference , th e Plannin g Committee , whe n 
discussing secondar y educatio n experience d difficult y eve n whe n onl y som e si x 
countries wer e represented . I n th e rang e covere d b y the Conference , th e difficultie s 
were magnifie d i n tha t ther e wa s a  wide r sprea d o f aims , objective s an d degre e o f 
selection fo r secondar y education . I n th e Unite d Kingdom , fo r example , ther e wa s 
secondary educatio n fo r al l pupil s u p t o th e ag e of fiftee n year s (soon t o b e sixteen 
years). Such a non-selective pattern did not apply to most o f th e developing countries , 
but some delegates reported experiences with various versions of secondar y educatio n 
such a s vocationa l schools , secondar y moder n school s an d communit y college s fo r 
some pupil s i n additio n t o th e strictl y academi c school s o f th e "gramma r school " 
type. I n mos t o f the countrie s represented, secondar y educatio n wa s highly selectiv e 
and wa s influence d b y th e requirement s o f a  strictl y academi c Schoo l Certificate , 
GCE "O " o r "A " level , a s th e cas e ma y be . 

73. Evidenc e a s t o th e climat e o f though t an d consequen t actio n wa s give n b y 
delegates from a  number o f the developin g countrie s when they said: -

(i) " I think the kin d o f secondar y educatio n tha t i s given in developing countrie s 
is always geared towards examinations" .. . "I f yo u loo k u p the advertisement s 
you wil l se e tha t a  Schoo l Certificat e i s always require d an d th e childre n in 
the secondar y school s are just aimin g for this" . 

(ii) "Th e 'secondar y modern ' school s answered ou r problems in terms of keepin g 
children of f th e streets , bu t the n th e childre n coul d no t ge t job s afte r 
completing th e course , so these school s are no longer popula r .. . the gramma r 
school stil l holds the suprem e spot" . 

(iii) ".. . w e hav e a  new trad e schoo l for childre n wh o have ended thei r educatio n 
at the age of fourteen. The objective of the trad e schoo l is to provide technica l 
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education to the age of sixtee n year s for th e skille d labour my countr y needs . 
There will be a further developmen t beyond the age of sixtee n in a communit y 
college. Wha t mathematic s i s t o b e taugh t a t thes e tw o place s i s a  bi g 
question". 

(iv) "W e hav e foun d tha t parent s understan d secondar y educatio n t o mea n th e 
traditional for m o f educatio n whic h lead s t o wha t i s sometime s describe d 
as a  "whit e colla r job" . Ther e ar e no t enoug h job s o f thi s kind ; w e nee d 
technicians .. . and s o our Ministe r directe d tha t th e basi c education shoul d b e 
broader b y th e inclusio n o f suc h subject s a s woodwork , metalwork , ar t an d 
music". 

74. Thi s delegat e the n pointe d ou t tha t suc h pupils often wen t o n to a  technica l 
school for vocational training and they were often place d in jobs long before th e end of 
their course . 

75. I n reply to a suggestion tha t an y marked expansio n o f secondar y educatio n a s 
currently practise d i n man y countrie s woul d no t o f necessit y b e a  goo d thing , 
it wa s though t tha t mor e secondar y educatio n o f a  differen t kin d i s necessary bu t 
that th e whol e proble m i s linke d wit h th e question s o f teache r suppl y an d training , 
of resource s fo r educatio n generall y an d th e economi c positio n o f th e countr y 
concerned. 

76. Th e advic e an d recommendation s o f th e report , bein g couche d i n rathe r 
general terms , place s th e dut y o f implementatio n wit h th e countr y concerne d 
according t o it s particula r need s an d problems . No specific attemp t wa s made t o lay 
down a  workin g syllabus , o r t o orde r th e item s listed ; still less to dea l with detaile d 
teaching techniques . Th e outcome s woul d b e differen t i n differen t countries . Suc h 
a possibility o f variety wa s welcomed a s being a desirable thing . 

77. A  common  core  for  the  first  three  years  of  secondary  education  receive d 
considerable support . Delegate s fel t tha t th e commo n cor e outline d i n th e repor t 
could wel l serv e th e purpose s both o f th e academi c pupil s and o f th e remainder wh o 
had no t th e sam e academi c aspiration s —  an d althoug h i t represente d a  desirabl e 
minimum it should be interpreted and enlarged by an enrichment programm e designe d 
to mee t th e needs of th e pupil s concerned . A note o f caution , however, wa s sounded 
when i t wa s pointe d ou t tha t th e crucia l matter wa s the manner in which th e topic s 
were t o b e introduced , discusse d an d handle d i n th e classroom . Th e existenc e o f a 
list o f desirabl e topic s woul d no t o f itsel f ensur e th e interes t an d involvemen t o f 
many o f th e pupils . 

78. An y common core,  since it represents the skeleton of a desirable minimum, ca n 
be criticise d a s unimaginativ e an d lacking in bia s towards the needs of any particula r 
community. The poin t a t issue is surely whethe r o r not suc h a course leads the pupil s 
to a  soun d gras p o f th e basi c idea s an d structure s o f mathematics ; for i t i s on thes e 
that an y vocationall y biasse d addition s ca n b e subsequentl y made . Furthermore , i t 
is thes e basi c ideas , provide d tha t the y hav e bee n suitabl y presented , whic h wil l 
enable th e pupi l t o hav e a  desir e t o continu e learnin g mathematic s an d t o fin d 
pleasure an d profi t i n s o doing . 
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79. Sinc e in many o f the developin g countries , agriculture i n one form o r anothe r 
was a staple industry, the question wa s raised a s to the par t a  mathematical educatio n 
could pla y in these circumstances . Whilst a t presen t man y o f the agricultura l worker s 
were illiterate , o r perhap s wit h a  primar y schoo l educatio n a t most , thi s doe s no t 
lessen th e dut y an d responsibilit y o f th e authorities t o provide thes e worker s with a 
mathematical education . T o quot e a  delegat e ".. . eve n o n a  far m on e mus t kno w 
some elementar y mathematics , on e ha s t o mak e decisions , decision s fo r exampl e as 
to wha t siz e of chicken s to sell" . The speaker claime d tha t a  mathematical educatio n 
contributed t o this , and h e advocated a  continuance o f th e kind o f approach given in 
the Primary Schoo l Repor t Group , as being suitable fo r suc h secondary pupils . 

The limitation s o f a  specifi c "agricultura l mathematics " cours e a t th e secondar y 
level wer e mentioned . Som e countrie s had rejecte d suc h courses on the grounds tha t 
they di d no t provid e fo r thei r growing needs and aspiration s fo r wide r technologica l 
development. Thought s o f suc h a  restricted mathematica l curriculu m di d no t prov e 
acceptable t o th e conference , an d s o further suppor t wa s given to a  "common core" . 

80. Sinc e this Secondary Repor t suggested forms of  specialist  mathematics  rooms, 
and th e Primar y Repor t (A.l ) mad e n o suc h suggestions , th e distinctio n wa s 
questioned. It wa s pointed ou t tha t i n a primary schoo l the usua l pattern wa s for on e 
teacher t o tak e one clas s for al l the time in one place , and tha t i n such circumstance s 
it wa s easie r t o dra w material s fro m a  stor e an d fee d them , possibl y b y a trolley t o 
the require d plac e a t th e require d time . I n a  secondar y schoo l staffe d b y specialis t 
or semi-specialist  mathematicians , th e cas e fo r mathematic s room s o r centre s wa s 
considered a  stronge r one . 

81. Th e recommendation s o f th e Repor t relatin g t o facilitie s fo r mathematic s 
learning foun d genera l acceptance , a s di d th e suggestion s fo r suitabl e approache s t o 
be used , an d pattern s o f schoo l organisatio n though t t o b e appropriate . Sporadi c 
references continued to emphasise "practical approach", "continuing the experimenta l 
work begun in the primary schools " and th e continuance o f science and mathematic s 
being studie d together . Th e philosoph y an d th e approache s foun d i n th e Primar y 
School Repor t shoul d exten d t o th e secondar y school s t o a  greater measur e than a t 
the presen t time . 

82. Th e absence in the Report o f an y reference t o the history of  mathematics  wa s 
deplored b y on e delegate . Th e meetin g fel t tha t a  seriou s stud y o f mathematica l 
history wa s mor e appropriat e t o olde r student s sa y a t a  Teache r Trainin g College ; 
nevertheless a s on e delegat e sai d "perhap s every chil d shoul d b e made aware o f ho w 
mathematics ha d develope d an d i s developing : thi s i s just a  par t o f good teaching" . 
Another delegat e sai d tha t ther e wa s a  dange r o f th e histor y o f mathematic s 
deteriorating int o a  lis t o f name s an d dates , ye t i t wa s importan t t o includ e a  well-
devised cours e becaus e man y peopl e appea r t o believ e tha t th e bod y o f knowledg e 
they acquir e alway s existe d an d tha t the y d o not realis e tha t ther e wer e times whe n 
it di d not exist . 

83. Patterns  of  collaboration  with  industrialists  and  technologists  wer e discusse d 
and served to highlight the necessity in some regions for form s o f secondary educatio n 
other tha n th e strictl y academic . I n th e word s o f a  delegat e "sittin g aroun d a  table 
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with a  numbe r o f industrialist s writin g u p a  schoo l syllabu s doe s no t see m t o b e a 
practical proposition" . Whils t thi s wa s agreed , i t wa s fel t tha t th e user s o f mathe -
matics ha d pertinen t view s t o express , an d member s fro m widel y differen t area s 
outlined pattern s o f operatio n whic h ha d been , o r wer e t o be , used . T o tak e som e 
examples:-

(i) I n a n Africa n countr y a  seminar lasting a week or so in which representative s 
of industry an d o f educatio n agree d on desirabl e aims . Having established th e 
objectives, i t wa s lef t t o th e teacher s t o desig n a  syllabu s an d introduce th e 
content int o th e schools . 

(ii) I n a West Indian country a National Council exists for th e contro l o f technica l 
examinations. Thi s wa s state d t o wor k fairl y satisfactoril y a t th e craftsman' s 
level bu t tha t i t wa s beset wit h problems a t th e technician' s level , in that th e 
courses a t tha t leve l tende d t o correspon d wit h GC E "O" and "A " levels . A 
student who successfully passe d these, felt himsel f t o b e a potential universit y 
entrant, an d s o man y o f th e student s joined academi c university course s and 
thus dropped a  technological course . 

(iii) Not e wa s take n o f th e existenc e o f a n Englis h project , Mathematics  in 
Education and  Industry. Thi s project wa s based o n the wor k o f th e Industria l 
Committee of the Mathematical Association: it seeks to effec t liaiso n betwee n 
industry an d educatio n an d t o develo p syllabuse s i n the light o f experience s 
gained. Revise d GC E examinatio n syllabuse s hav e bee n prepared . Furthe r 
information ca n b e obtaine d fro m Th e Mathematica l Association , 2 2 
Bloomsbury Square , London , W.C.I . 

For thos e wishin g t o mak e fulle r stud y o f vocationa l educatio n a  suitable sourc e 
book woul d be: -

Vocational and  Technical  Education  b y Hug h Warren , Unesc o (1967) . Thi s i s a 
comparative stud y o f presen t practic e an d futur e trend s i n te n countrie s (U.S.A. , 
U.S.S.R., an d eigh t Europea n countries) . 

Another for m o f collaboratio n exemplifie d wa s wher e th e representative s o f 
industry cam e into th e school s and college s and becam e par t time instructors in thei r 
particular specialism . I n som e regions , i t was reported, the student s go into industr y 
for thei r practica l training . 

Vocational an d technologica l educatio n wer e importan t growin g point s fo r al l 
countries, bu t n o matte r wha t for m the y take , the y ca n onl y b e base d o n soun d 
mathematical learnin g i n th e primar y an d earl y secondar y years . 

84. The  relationship  between  the  curriculum  and  the  examination  wa s though t 
to b e important . I t wa s stresse d tha t i t wa s necessary tha t th e examinatio n shoul d 
follow th e curriculu m an d not , a s s o ofte n happen s a t present , th e curriculu m b e 
exclusively base d o n a n examinatio n syllabus . Th e settin g u p i n Englan d an d Wales 
of th e School s Counci l fo r Curriculu m an d Examination s wa s instanced a s a signifi -
cant attemp t t o lin k thes e aspect s o f education . "I t make s us, when we think abou t 
curricula, think about examination s and vice versa", said one delegate . 
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Delegates wer e ver y intereste d t o hea r o f th e objective s o f CRED O (Curriculu m 
Renewal an d Educationa l Developmen t Overseas) , particularl y tha t i t sough t t o 
support rathe r tha n t o initiat e curriculu m development . 

85. Th e view was expressed tha t th e rather cautiou s wording of th e Repor t faile d 
generally t o communicat e th e thril l an d sens e o f excitemen t o f thos e teacher s an d 
pupils wh o ar e involve d i n ne w mathematica l developments . Thi s feelin g o f adven -
ture wa s eviden t fro m man y o f th e countrie s whic h ha d made a  start o n a  new line. 
It wa s hope d tha t teacher s an d authoritie s woul d us e th e freedo m offere d b y th e 
report t o experimen t bot h wit h approac h an d wit h content , bearin g i n min d th e 
needs o f thei r countr y an d th e powe r o f mathematic s no t onl y a s an intellectua l 
exercise, bu t als o a s an instrumen t fo r th e genera l educatio n o f th e person . I n thi s 
respect i t i s hope d tha t th e repor t wil l ac t a s a  broa d guide . Th e conten t o f th e 
"common core" , i f treate d suitably , coul d b e regarde d a s th e mean s o f developin g 
in pupil s th e powe r t o discove r an d maste r proble m situation s togethe r wit h th e 
techniques an d skill s arisin g fro m them . A t th e sam e tim e i t forms a  broad basi s on 
which further programme s can be buil t accordin g t o the needs of a  particular countr y 
or o f a  particula r situation . Th e Repor t shoul d no t the n b e take n a s a  polic y o f 
despair, bu t a s an expression o f optimisti c hope capabl e o f realisation . 
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