
CHAPTER I V 

The Teachin g o f Mathematic s 
at Primar y Leve l 

Lead paper by Mis s E.E. Biggs , H.M. Inspector o f Schools , 
Department o f Education an d Science , London . 

Introduction 
* "In  mathematics  there's  always  a  pattern — 

you've only  got  to  look  for  it" 

1. Mathematics i s an abstrac t subject , an d becaus e o f this , i n th e past , i t induce d 
fear i n bot h youn g childre n an d students . Bu t i n th e las t te n year s there ha s been a 
fundamental chang e o f outloo k an d th e ne w generatio n i s no longe r condemne d t o 
a complet e die t o f instructio n b y teacher s (howeve r good) . Nowadays , pupil s ar e 
encouraged fa r mor e t o thin k fo r themselve s an d the y investigat e mathematica l 
problems i n individua l an d sometime s highl y origina l ways . The etho s o f thi s ne w 
era i s embodie d i n Professo r Polya' s words : "Abstraction s ar e important ; us e al l 
means t o mak e the m tangible . Nothin g i s too goo d o r to o bad , to o poetica l o r to o 
trivial t o clarif y you r abstractions" . Th e approac h t o mathematics , th e wa y w e 
present thi s subjec t t o ou r pupil s o f al l age s (includin g universit y students , a s 
Professor Poly a ha s so successfully show n us ) is all-important . Fo r thi s reason I  shall 
consider approac h firs t an d leave content unti l later . 

2. Here m y mai n concer n i s wit h childre n betwee n th e age s o f 5  and 12 . For th e 
more fortunat e childre n o f pre-schoo l age , learning has proceeded naturall y withou t 
effort o r interruption . Th e newe r method s i n th e infan t schoo l ( 5 to 7  years) begin 
in th e sam e wa y wit h th e direc t impac t o f th e environmen t an d th e child' s ow n 
response t o it . Thi s permissiv e wa y o f working , wit h childre n i n smal l groups , wa s 
relatively eas y t o introduc e i n Britis h school s sinc e syllabuse s ar e no t externall y 
imposed an d hea d teacher s ca n devis e thei r ow n scheme s o f wor k an d classroo m 
methods. 

Historical Background of Changes in Britain 
3. The change s i n classroo m procedur e i n ou r infan t school s bega n mor e tha n 

thirty year s ago . Teacher s concerne d themselve s firs t wit h th e qualit y an d scop e of 
the material s the y provide d (ofte n th e norma l material s o f the environment suc h as 
clay, water , sand , scrap s of textiles , leaves and shells ) and secondl y wit h the learnin g 
situations themselves . Th e qualit y o f children' s ar t and craft , movemen t an d writin g 
became mor e individua l an d imaginative ; the narro w numbe r syllabu s was extende d 
to includ e purposefu l countin g an d measurin g experiences . Bu t unti l twent y year s 
ago there wa s a marked contras t betwee n th e teaching methods o f infant school s and 
*See pag e 5 0 
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those o f junior schools . At tha t tim e junior school s were influenced b y examination s 
at th e ag e o f eleve n fo r allocatio n t o grammar (academic ) schools . In these examina -
tions th e emphasi s wa s o n grammar an d comprehensio n i n English and o n speed  an d 
accuracy o f computatio n i n arithmetic . I t i s no t surprisin g tha t th e firs t curricula r 
experiments i n junior school s wer e i n ar t an d craf t an d physica l education , subject s 
which wer e no t examined . However , in due course the emphasis in English, too , was 
gradually shifte d fro m forma l exercise s t o creativ e an d imaginativ e writin g wit h n o 
loss of accuracy an d muc h gain in fluency an d vocabulary b y th e age of ten . 

4. Experiments i n th e teachin g o f mathematic s bega n abou t te n year s ago. These 
changes wer e al l th e mor e far-reachin g becaus e the y wer e brough t abou t no t a s a 
result o f externa l pressur e fro m Universitie s o r Educatio n Authorities , bu t b y th e 
pioneer wor k o f teacher s i n thei r ow n classrooms . The y wer e part o f a  wider move-
ment whic h had alread y affecte d man y othe r aspect s of the curriculum . Mathematic s 
and scienc e wer e n o longe r isolate d ; they no w mad e a  vital contribution t o learnin g 
as a whole. 

Discovery Learnin g i n Mathematic s 
5. Le t u s tak e a  close r loo k a t "discovery " learnin g a s thi s affect s mathematics . 

"In som e ways it resembles the bes t moder n universit y practice". 1 I  should b e happ y 
to thin k tha t mos t universitie s followe d thi s practice ! Thi s is what Piage t has to say 
about it : "Th e goa l i n educatio n i s no t t o increas e th e amoun t o f knowledg e bu t 
to creat e opportunitie s fo r a  chil d t o inven t an d discover . Teachin g mean s creatin g 
situations wher e structure s ca n b e discovered" . Whe n w e sa y that initia l curiosity i s 
often stimulate d b y th e environmen t th e teache r provides , w e ar e admittin g tha t 
the teache r select s an d structure s th e programme . Sometime s a  worthwhile piec e of 
mathematics wil l b e initiate d b y a  chil d wit h a  specia l interest . Mor e usuall y th e 
environment and the teacher's questions wil l catch th e child' s imagination an d sustai n 
his enthusiasm . Bu t th e permissiv e classroo m i n which childre n ar e working in smal l 
groups, ofte n o n quit e differen t problems , make s heav y demand s o n teacher s an d 
especially o n inexperience d teachers . Bot h childre n an d teacher s hav e t o accep t 
considerable responsibility . Man y teacher s mak e a  gradua l transition . Mos t o f th e 
class wor k fro m a  textboo k whil e on e grou p i s provide d wit h ne w materials ; th e 
teacher observes the children an d asks questions. Fro m mont h t o month sh e increases 
the number of children working with materials until a t las t the whol e class is involved. 

6. What ar e th e aim s o f "discovery " learning ? First , t o se t childre n fre e t o thin k 
for themselves . Secondly , t o giv e the m opportunitie s t o discove r th e orde r an d pat -
tern which is the very essence of mathematic s an d which i s to be found i n the natura l 
as wel l a s in th e man-mad e world . Thirdly, to give children th e skills . Here I  want t o 
put a  persona l an d perhap s extrem e poin t o f vie w I  believ e tha t wit h experienc e 
teachers ca n pla n eac h child' s learnin g s o tha t h e discover s himsel f al l th e mathe -
matics w e want him to learn , even the skills . Our success in this wil l depend no t onl y 
on th e experience s w e provide bu t als o on the questions we ask. I also beleive that i t 
is jus t a s importan t fo r childre n t o b e encourage d t o devis e thei r ow n method s i n 
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written calculation s a s i t i s fo r the m t o mak e discoverie s wit h shape s an d patterns . 
Later i n thi s pape r yo u wil l se e ho w childre n lear n fro m on e another t o refine thei r 
methods. 

7.1 am convinced, from m y own experience gained from workin g with childre n an d 
teachers i n man y part s o f th e word , tha t th e approac h I  a m describin g i s no t fo r 
"enrichment" only . I t i s a n approac h whic h ca n an d shoul d b e used in every aspec t 
of mathematics , a t ever y stag e an d wit h childre n o f al l abilities. This does not mea n 
that ever y chil d require s th e sam e kin d o f experienc e —  fa r fro m it . There ar e thos e 
who nee d littl e experienc e wit h rea l material s an d wh o enjo y workin g abstrac t 
problems whic h develo p fro m brie f initia l experiences . Othe r childre n requir e a 
lengthy perio d wit h rea l material s befor e the y ar e abl e t o abstrac t a  singl e ide a o r 
concept. Ther e ar e som e childre n wh o wil l respon d t o ope n questions , an d other s 
who requir e mor e direction . No r doe s discover y learnin g alway s requir e th e us e o f 
concrete materials ; it i s the for m o f questio n w e as k whic h determine s whethe r w e 
are challenging a child to think for himself —  o r telling him th e answer . Dr . Schweitze r 
wrote: "Onl y those who respect the personality o f other s can be of rea l use to them" . 
We mus t respec t th e independen t personalit y o f eac h child , an d encourag e hi m s o 
that h e take s th e fina l step , howeve r small , fo r himself . I t i s thi s independen t dis -
covery whic h give s him th e satisfactio n o f succes s —  and whic h requires al l our skil l 
to engineer . I f we find ourselve s telling the answer i t is either because the chil d i s not 
ready fo r th e experience o r because w e have not planned th e wor k t o sui t th e abilit y 
of tha t particula r child . 

8. I shoul d lik e to quote on e example fro m a n African schoo l in Rhodesi a becaus e 
I believ e tha t discover y method s woul d b e a s usefu l i n developin g countrie s a s in 
Britain. Her e I  foun d tha t teachin g method s wer e almos t entirel y instructional . I 
introduced simple materials , for example , congruent boxes , squared pape r an d string . 
At firs t children an d teacher s found i t very strang e tha t thes e should b e used t o make 
mathematical discoveries . Later , however , wit h adequat e experienc e the y becam e 
quick t o se e th e possibilities , particularl y th e younge r children . 

9. Older students found no difficulty i n making discoveries with number patterns -
indeed, the y ha d a  strong sense of pattern . We had been workin g with the patter n o f 
the 9 times tables. I wrote: 3 , 12 , 21, o n the blackboard an d asked  the m t o con -
tinue th e sequenc e an d t o construc t simila r sequences . The y soo n discovere d tha t 
the fina l su m o f th e digit s wa s alway s three . I  the n wrot e severa l larg e number s o n 
the boar d an d aske d the m t o tes t thes e fo r divisibilit y b y 9 . "But , madam , they al l 
'refuse' " , the y sai d wit h som e excitemen t an d wer e quick t o discover why. I  see no 
reason wh y developin g countrie s shoul d no t b e abl e t o tak e advantag e o f thes e 
methods. 

10. Becaus e th e for m o f th e question s w e as k —  open-ende d o r directe d —  is so 
important, I  should lik e to give you tw o contrasting examples: -

For several  years I  had  given  considerable  direction  to  children  and  teachers  in 
isolating the  variables  when working  with  a  pendulum. For  example,  one  assign-
ment was:  "Time  the  pendulum  for  30  swings  for lengths  6",  12",  18"  as  far as 
48". Draw  a  graph.  Can  you  find  from  your  graph  the  length  of  a  pendulum 
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which beats  seconds?"  A  group  of  ten  year  olds  performed  the  experiment  care-
fully and  obtained  a  reasonable  result.  A  month  later  I  discussed  the  pendulum 
with the  same  group.  "What  did  you discover?",  I  asked. Their  recollections were 
so hazy and  confused  that  we  had to  start  at  the  beginning  once  more. 

Last summer I  was  working with  a  group of  nine  and ten  year old  boys  in  down-
town New  York.  We  had  decided  to  time  various  objects  which  the  boys  had 
chosen to  roll  down  a  long  slope  in  the  corridor.  We  had no stop  watch,  so  I had 
added a  length  of  fine  string  and  a  piece of  plasticine  to  our  collection.  When  the 
boys asked  for  a  stop watch,  I  asked  them  if  they  could  devise  a means of  timing 
from the  materials  I had  provided. On  seeing these  Richard immediately  suggested 
making a  pendulum. It  so  happened  that  there  was  a large hook fixed  at  a height 
of 7  feet above  the  slope,  to  which  the  boys  attached  the  longest  pendulum they 
could make.  "Where  shall  we  start?",  I  asked.  "Up  at  the  ceiling,  straight  out", 
Earl replied,  "Does  it  matter  where  we  start?",  I  questioned.  They  decided  that 
it did  matter  and  we  set  the  pendulum  swinging,  "Does  it  beat  regularly?",  I 
asked, "Let's  count",  they  replied.  But  the  boys  decided  that  the  pendulum was 
swinging too  slowly  for  effective  timing,  "How  shall  we  change  the  beat?",  I 
asked. "Shorten  the  string",  suggested  Richard,  "Lengthen  the  string",  said 
Adrian. "Add  more  plasticine",  said  Robert.  They  experimented  with  different 
lengths until  they  were  satisfied  with  the  beat.  "How  shall  we  count?",  I  asked. 
"Number of  swings  in  half  a  minute",  said  Mervyn, I  gave  him  my  watch  with  a 
second hand  and  he  was  soon timing  confidently  from  any  starting  point  of  the 
second hand,  "It  swings  much  faster  when  we  shorten  the  string",  they  com-
mented as  they  continued  their  experiments  with  different  lengths,  "but  it 
doesn't change  when  we  alter  the  weight".  These  experiments  were  rough  and 
ready and  needed  a  careful  follow-up with  a  good point  of  suspension,  but  I  want 
to stress  that  all  the  thinking  had  been  done  by  the  boys  themselves  and  the 
suggestions came  from them  and  not  from  me.  "The  sense  of  personal  discovery 
influenced the  intensity  of  their  experience  and  vividness  of  their  memory". 1 

We were so engrossed that  we  forgot all  about the  purpose of  the  timing! 

But th e initia l impuls e need s t o aris e fro m som e experienc e i n whic h th e 
children ar e interested . For  example,  the  assignment:  "Find  the  length  and 
breadth of  this  room",  may  seem  pointless  to  children,  especially  if  they  have 
done this  already  the  previous  year.  But  some  nine  year  olds  were  enthusiastic 
when the  question  was  worded:  "Do  you  think  this  room  is  twice  as  long as it is 
wide? In  how  many  ways  can  you  find  out  without  actually  measuring?"  One 
girl counted  the  bricks  round  the  wall,  a  second counted  the  square  tiles  on  the 
floor and  a  third  counted  the  ceiling  tiles.  The  others  decided  to  pace  the  width 
and the  length.  They  were  at first puzzled  and  then  amused  when  they  discovered 
that each  took  a  different  number  of  paces.  This  investigation led  to  a  discussion 
of 'normal'  and  'average'  pace, approximation  and  ratio.  It  also  resulted in  several 
oral calculations and  was  in all a most worthwhile  investigation. 

1 op.cit . 

38 



Discovery Learnin g in Arithmetic 
11. I  have sai d tha t i t i s important tha t childre n shoul d b e given th e opportunit y 

to devis e thei r ow n method s o f writte n calculatio n whe n the y ca n n o longe r cop e 
with th e complexitie s i n thei r heads . Le t m e explain ho w thi s can be done. Firs t we 
must giv e youn g childre n (betwee n th e age s o f 5  an d 8 ) preliminar y experience s 
which wil l enabl e the m t o lear n wha t arithmeti c i s about. These experiences shoul d 
include: 

(a) Matchin g set s (one-on e correspondence) : settin g a  tabl e fo r a  meal , straw s 
to milk containers , spoons to bowls , chairs to children . 

(b) Counting , matchin g a  numbe r nam e t o eac h object . Cardina l numbers . 
Numbers in sequence ; the number line . 

(c) Measuring ; length , weight , capacity , time , area , usin g simpl e instruments . 
Learning t o measur e i s a  length y proces s involvin g severa l stages . Fo r 
example, i n considerin g lengt h a  chil d a t on e stag e think s tha t a  penci l 
changes it s lengt h whe n i t i s place d i n differen t positions . Eigh t an d nin e 
year old s wh o hav e no t ha d th e necessar y experienc e sa y tha t a  squar e 
geoboard turn s int o a  diamon d o f differen t shap e whe n i t i s rotated int o a 
new position . 

It i s onl y b y mean s o f sufficien t firs t han d experienc e tha t childre n com e 
to understan d tha t th e lengt h o f line s doe s no t chang e whe n thei r positio n 
is changed . I n children' s firs t experienc e o f measurin g the y d o no t realis e 
the nee d fo r equa l units . 
A class  of  eight  year  olds  in  Ontario  had  had  their  first  experience  of 
measuring. They  told  me  excitedly,  that  the  width  of  the  room  was  6V2 
bodies. "Whose  body?",  I  asked.  Three  friends  stood  up,  two  of  the  same 
height and  one,  Roger,  a  head  taller  than  the  other  two.  "Would  it  have 
made a  difference  if  you  had  used  Roger  only?",  I  questioned.  "Yes,  he 
would have  got  tired",  was  the  amusing  reply,  which  gave  me  the  clue  to 
their method.  "Would  your  answer  have  been  6½ Rogers?",  I  asked.  After 
some thought  a  girl  said  there  would  have  been  fewer  Rogers,  because  he 
was taller.  But  the  others  maintained  that  the  answer  would  be  the  same 
because it  was  the  same  room!  I t i s onl y b y mean s o f extensiv e measurin g 
experiences that childre n develo p understanding an d confidence i n all aspects 
of measuring . 

(d) Operation s of addition, subtraction , multiplicatio n an d division with number , 
length, weight , capacity , money , time . 
It i s interesting t o not e that , i n th e rea l environment , subtractio n an d bot h 
aspects of division  usually preced e addition an d multiplication . 
For example,  using  two  ribbons  of  different  lengths,  children  first  notice 
that one  is  longer than  the  other,  and  eventually  may  measure  the  difference 
(by complementary  addition).  One  child  asked,  "How  many  ribbons  of 
the short  length  can  I cut  from the  long  piece?" (the  subtracting  or  grouping 
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aspect of  division).  Another  child  halved  and  quartered  the  long  piece  (the 
sharing aspect of  division). 

12. Wha t knowledg e d o childre n nee d o f numbe r relationships , includin g multi -
plication tables ? I f w e believ e tha t childre n shoul d b e abl e t o perfor m reasonabl e 
calculations efficiently , the y nee d t o memoris e (a ) th e additio n an d subtractio n 
number trios , e.g . 3+ 5 =  8 , 5+ 3 =  8 , 8- 5 =  3 , 8- 3 =  5 ; (b) th e multiplicatio n an d 
division numbe r trios , e.g. , 6 X 8 =  48 , 8 X 6 =  48, 48+6 = 8, 48+8 = 6. Once childre n 
have discovere d th e commutativ e law s of addition an d multiplication , memorisatio n 
of thes e numbe r relationship s i s halved. Whe n the y tr y t o se e whethe r subtractio n 
and division  ar e reversibl e (o r commutative ) the y ca n be encouraged t o extend thei r 
number knowledg e t o includ e th e negativ e integers , usin g an extended numbe r line , 
and fraction s (o r rational numbers) . Bu t w e cannot escap e this necessity fo r childre n 
to memorise the number relationships; first and foremost th e addition an d subtractio n 
facts u p t o 20 , then th e extension t o thes e fact s t o 100 . For thi s extension a  number 
line (10 0 unit s long ) an d strip s (1 to 1 0 units long) are extremely helpfu l i f childre n 
are t o discove r th e repetitiv e pattern s e.g. , 9+7 , 19+7 , 89+7 , an d als o 96—7, 86—7, 
etc. an d als o 96-9 , 86-9 , etc . Thes e patterns must b e known befor e childre n begi n 
written calculations . 

13. Whe n childre n hav e thi s knowledg e o f number , wha t experienc e d o we need 
to giv e the m whic h wil l encourag e the m t o devis e thei r ow n method s o f lon g 
multiplication an d lon g division? Here , once more, are two contrastin g examples: -

The first  is  of a  group of  'disadvantaged'  ten  year old  girls in California. They  had 
estimated the  number  of  pieces  of  cereal  in a jar and were  checking  their  estimates 
by filling  identical  mugs  until  the  jar  was  empty.  The  first  mug  contained  59 
pieces and  there  were  40  mugs  in  all  The  girls  had no  idea  how  to  perform  the 
calculation, until  one  girl  made  an  attempt  to  write  forty  59s  on  the  blackboard 
and add  them  up.  The  bell  released  her!  Next  day  the  teacher  gave  the  girls  six 
multiplication examples  to  do,  one  of  which  was  40X59.  Each  girl  performed 
this successfully.  These  girls  knew  how  to  perform  mechanical  multiplication 
examples but  had  no  idea  of circumstances  in  which multiplication  would  arise. 

My second  example  is  of  a  seven  year  old  class  in  Ontario.  Their  teacher  had 
experimented for  the  first  time  in  giving  her  class  first hand  experience  with 
volume. They  had  made  a  most  varied  collection  of  containers.  I  picked up  a bag 
of macaroni  and  asked them  to  guess the  number  of  pieces  in  the  bag.  We all made 
wild guesses.  I asked if  anyone could  suggest  how we  could  check  our  guesses with-
out counting  every  piece.  "Count  in  twos  or  tens"  was  the  first  idea.  A girl  then 
said that if  we could halve  the bag, we could count  one  half  and double  the  number, 
I showed the  class  a small cup and  asked if  this  would  help.  Immediately  I  received 
two suggestions  from  boys.  One  said,  "Fill  the  cup  and  count  the  pieces. Fill  the 
cup until  there  is  no  more  left  and  count  the  cups  full".  As  soon  as  I left  the 
teacher let the children try  this  suggestion.  The  cup  held  110  pieces  and  there  were 
6½ cups.  She  wondered  whether  the  children  could  solve  the  problem  with  this 
information since  they had  never tackled figures of  this  magnitude before.  "Put  two 
together and  that  makes  220",  said  one. "220,  440,  660",  they  counted.  "I  know 
half of  100  is  50 and  half  of  10  is  5, that  makes  55.  That's  715  altogether", said 
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another. The  teacher  was  surprised  at  the  confidence  the  children  showed  in 
attempting a  problem entirely  new  to  them.  She  realised  that  these  children  had 
encountered a  situation  in  which  multiplication  was  required.  But  they  would 
need further  experiments  to  prepare  them  for  recording  their  own  methods; 
gradually they  would  refine  these  as they had  more  experience. 
14. I t i s importan t t o realis e tha t mathematica l symbol s shoul d b e introduce d 

after varie d experiments. The sequence o f events is: experience, discussion , recordin g 
in the child's own words , introduction o f mathematica l symbol s as a shorthand form , 
written calculations devised by the child himself, (and gradually refined, wit h guidanc e 
from th e teacher), practice as necessary. I t ha s been interesting to notice tha t childre n 
who ar e bein g educate d i n thi s wa y requir e fa r les s practic e t o maintai n efficienc y 
than childre n brough t u p o n traditiona l methods . On e perio d (4 0 minutes ) a  fort -
night i s ofte n foun d t o b e sufficient . 

15. Her e is an example showin g how childre n firs t devis e and then refine method s 
of long division whe n the need arise s :-

A group  of  eight  year olds  had  been  working  with  a  calendar. How many  weeks  in 
50 days?  80  days?  110  days?  asked  the  teacher.  One  hundred and  ten  days  drove 
them to  paper  and  pencil.  Each  child  produced  a  different  method  and,  when  all 
had finished, methods  were  compared. The  most  rudimentary  method  was:-
days days 
110 110 

7 1  week The  most  efficient  was  _70_  10  weeks 
103 40 

7 1  week 35  5  weeks 
etc. 5  day's 15  weeks 

All the  children  were  attracted  to  the  most  efficient  method  and  began  to  adopt 
it. One  by  one  they  refined  the  method  still  further,  showing  that  they  under-
stood what  they  were  doing and  appreciated the  need  for efficiency. 

16. I  coul d quot e man y mor e example s o f children' s discoverie s i n measuring , 
fractions, an d multibas e arithmetic , bu t spac e prevents this . I should b e delighted t o 
expand thes e ideas in workin g sessions to anyon e wh o is interested. 

17. Wha t i s th e plac e o f commercia l structura l materia l in the learning o f mathe -
matics? I  believ e tha t childre n shoul d firs t hav e extensive experience o f the environ -
ment, but when, for example, they ar e beginning to organise their basi c number facts , 
or a t anothe r stag e thei r knowledg e o f fractions , th e introductio n o f structura l 
material wil l hel p the m t o d o this . For example , when childre n ca n deal with simpl e 
fractions i n practica l situation s an d ca n fin d on e quarte r (an d late r thre e quarters ) 
of varie d material s suc h a s a  lengt h o f ribbon , a  bowl o f rice , a  jug o f wate r an d a 
sum o f money , the y ar e read y t o us e structura l materia l t o summaris e an d gai n 
further insigh t int o thei r experiences . Late r stil l the y wil l mee t fraction s a s rational 
numbers on the number line . 

18. Learnin g b y investigationa l method s ha s no t le d t o an y los s o f efficiency i n 
computation. Th e firs t school s i n Britai n t o adop t th e ne w method s wer e i n urba n 
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areas wher e classe s wer e o f ove r 4 0 an d a  selectio n tes t a t 11 + wa s i n operation . 
These school s kep t carefu l record s o f th e results at 11 . It wa s found tha t i n the firs t 
year ther e wa s n o change . Afte r this , yea r by year , the percentag e o f childre n quali -
fying fo r place s a t gramma r school s increase d until , i n on e school , i t wa s 5 0 pe r 
cent. Thi s loca l educatio n authorit y ha s no w abolishe d th e 11 + examination ! O f 
course the schools gave the childre n some  writte n computationa l practic e (on e perio d 
every tw o weeks ) bu t thi s wa s a considerable reduction o n former methods , and ye t 
the standard o f computatio n ha d improved . 

Mathematical Conten t 
19. Mathematica l content, has two aspects : mathematics in the classroo m an d th e 

mathematical backgroun d whic h primar y teacher s requir e i f the y ar e t o mak e th e 
most o f th e situation s which arise and are to give children th e help they require . 

20. Ther e ar e certai n topic s whic h wil l aris e i n th e classroo m whethe r w e pla n 
these o r not . I  refe r t o statistics , three-dimensiona l an d two-dimensiona l shapes , 
symmetry, similarit y an d limits . I n children' s attempt s a t communicatio n the y wil l 
use languag e (ora l o r written) , tabula r forms , diagrams , including mapping , pictoria l 
representation of various kinds including block and colum n graphs , and line (relation -
ship) graphs . Th e introductio n o f thes e topic s require s an d extensiv e knowledg e o f 
mathematics o n th e par t o f th e teacher . I  shal l no t attemp t t o develo p eac h topi c 
in detail ; tha t i s the tas k o f th e workin g parties . I  shal l quot e on e o r two example s 
of children' s wor k t o illustrat e children' s difficultie s an d potentialitie s an d t o sho w 
how numbe r relationship s an d spatia l relationship s ar e interrelate d an d reinforc e 
each other: -

(a) Volum e 
The first  is  an investigation by  some  six  year olds  who  had  made a  collection 
of small  rectangular  boxes.  Their  teacher  asked  if  they  could  find  the  box 
which held  most  After  some  discussion  the  children  filled  each  box  with 
sand and  weighed  box  and  sand.  They  set  out  the  boxes  in  order  but  sand 
ran out  at  the  corners,  so  they  decided  to  fill the  boxes  with  something  else. 
This was  not  so  easy  and  it  was  some time  before  a  boy found  that  a  cubical 
bead of  a  certain size  would  fit  into  all  the boxes.  The  cubes  were  then  taken 
out and  arranged  in  a  column above  each  box. At  this  stage no child  noticed 
that the  volumes  could  not  be  compared  without  counting  because  the 
starting points  were  different . Fortunately  the  classroom  was  overcrowded 
and a  child bumped  into  the  table  and disarranged  the cubes.  This  gave a boy 
an idea. He took a  large sheet of  ½" squared  paper, arranged  the boxes  in  order 
of volume,  and  coloured  in  a  column  of  squares  for each  box, matching  one 
square to  each  cube.  This  time  he  started,  on  his  own  initiative,  from  a 
common base  line  so  that  comparison  was  easy.  "Can  you see,"  he  wrote, 
"that boxes  7  and 8  hold  the  same  number  of  cubes?  But  they  are  very 
different shapes".  This  comment  started  a  further  investigation.  Here  we 
see the  process  of  abstraction  from  boxes  filled  with  sand  (and  weighed)  to 
cubes, symbolising  the  volume,  and  finally to  squares,  by  a  matching process. 
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Shapes 
This exampl e illustrate s anothe r importan t point . W e liv e i n a  three -
dimensional world, and two-dimensiona l shape s are abstractions fro m th e rea l 
world. Therefor e w e shoul d giv e childre n abundan t experienc e wit h three -
dimensional shape s befor e w e expect the m t o abstrac t th e properties o f two-
dimensional shape s suc h a s squares , rectangles, triangles and circles . Before a 
child ca n recognis e a  squar e h e need s t o b e abl e t o sor t a  se t of cube s fro m 
a se t o f cuboid s an d t o put int o words what he has done. There i s no reason , 
of course , wh y w e shoul d no t us e two - an d three-dimensiona l shape s 
simultaneously, a s the following exampl e shows : 
Some deaf  five  year  olds  had  made  a  collection  of  containers  of  very  varied 
shapes. Their  teacher  drew  a  square,  a  rectangle,  and  a  circle  on  the  floor 
and watched  to  see  what  the  children  would  do.  They  sorted  cubes  into 
the square,  cuboids  into  the  rectangle,  and  cylinders  into  the  circle.  It took 
one girl  some time  to  decide  whether  a  packet of  tea  with  two  square  ends 
should go  inside  the  square  or  the  rectangle.  Eventually  she  decided  on  the 
rectangle because  the  packet  had  four rectangular  faces and  only  two  square 
faces. 

(c) Transformations , Spatia l and Number Pattern s 
Most of the spatial discoveries of young childre n ar e made a s a result o f move-
ment an d transformations . Patter n ha s a strong appeal t o them . 
I asked  some  nine  and  ten  year  olds  in  Philadelphia to  make  themselves  a 
halo with  a  strip of  coloured  paper  and then  to  experiment  with  this  to  find 
out whether  they  could  change  the  area  enclosed. They  experimented  with 
many shapes  before  they  decided,  by  counting  squares,  that  the  circle  was 
the largest  shape.  At  the  other  extremity,  a  nine  year  old  boy  said  he could 
squash out all  the area!  I then  directed  their  attention to  rectangles and asked 
them to  draw  me  the  complete  sequence  of  rectangles  whose  perimeter  was 
20 units  and  whose  sides  were  in  whole  units.  They  first  drew  these  on  the 

43 

FIG.l 

(b) 



floor in  any  order.  I  next  asked  them  to  cut  the  rectangles  from 1"  squared 
paper, to  put  these  in  order  of  width,  and  to  mount  the  sequence  on  a piece 
of coloured  paper.  The  paper  was  small so  the  children  had  to  overlap  the 
rectangles —  and  they  were  delighted  to  discover  the  "staircase"  which  a  ten 
year old  had  predicted  (fig.1) 

I asked  them  to  make  tables  of  the  width  and  length  and  area to see  if they 
could discover  why  the  rectangles  formed a  staircase. They  soon  discovered 
the pattern  of  the  set  of  ordered  pairs  (W,L), W  + L =  10, although  they  did 
not at  first  arrange  these  in  order of  width.  When  they  came  to  make  a  table 
to show  the  patterns  they  decided  that  there  must  be  a  pattern in  the  area 
column because  both  the  width  and  length  columns  showed  definite 
patterns (fig.  2). 

Excitement ran  high  when  they  discovered  the  odd  number  difference  of  the 
areas. I  followed  this  by  suggesting  that  the  children  cut  out  the  sequence 
of squares  with  integral  sides. The  squares  were mounted in  various patterns. 
The perimeter  and  area  patterns  were  recognised  as  soon  as  these  were 
arranged in sequence (fig  3).  Zero  values  were added later. 

When, after  some  discussion,  continuous  graphs  were  drawn,  the  children's 
immediate reaction  to  the  area/width  graph  of  rectangles  of  constant  peri-
meter and  the  area/width  graph  of  the  squares  was  to  ask:  "Where  is  the 
other half  of  the  squares  graph?" I  suggested  that  they  should  count  back-
wards and see. 
Later I  asked  the  children  to  reverse  the  constant-perimeter  problem.  "Fix 
the number  of  squares",  they  replied.  I  suggested  that  each  child  should 
choose a  number  of  squares  and  make  as  many  rectangles  with  these  as 
possible. Once  more  they  decided  to  use  the  square  tiles  on the  floor and  to 
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draw round  these.  But  a  boy  who  chose  5  squares  found my  suggestion  too 
limiting and  began  experimenting  on  his  own.  He  showed  me  the  largest 
perimeter ("with  squares  as  spread out  as  possible") (fig.4)  and  the  smallest 
(''squares as  close together  as  possible") (fig.5):-

FIG.4 FIG.5 

and then  set  out  to  "fill"  the  interval  between  10  and 20  units  with  as  many 
different perimeters  as  he could. We all became fascinated by  this  new problem 
and forgot our  rectangles. Some time  later  I gave the boy's  problem  to  a group 
of teachers  in  Ontario.  Two  teachers  from secondary  schools  spent  a  morning 
on this  problem,  investigating  all  the  possibilities,  and  discovered  a  group 
structure. They  found  this  problem as  intriguing as  did the  boy  who  invented 
it. This  example emphasises  another  important  point:  open  situations  provide 
more possibilities  for  discovery  than  closed  situations. 
It was  some time  before  we  returned to  our  original  problem: the  pattern of 
rectangles of constant area(  12 squares, 16 squares, 36  squares were eventually 
chosen by  the  children).  This  time  the  relationship  of  corresponding  dimen-
sions (3,  4),  (2, 6),  (12,  1)  etc.  was  discovered before  successive  rectangles 
were cut  out  and  arranged  in  a  pattern.  This  constant  product  pattern 
W X  L =  12, and  later  the  continuous  graph,  delighted  the  children  because 
the graph was  so different from  the  constant-sum  graph. 

(d) Symmetr y 
Many normal classroom activitie s (paper folding an d cutting , painting an d ink 
blots, tracings) lead children to make symmetrical shape s and t o discove r thei r 
properties bu t unles s teacher s kno w somethin g o f th e mathematica l signifi -
cance of symmetry, they may miss opportunities fo r developin g this . Children 
recognise symmetry a t an early age . 
Stephen, just  five,  was  a very shy  boy.  His  favourite occupation  was  painting. 
One day  he  dropped  a  splash of  paint  on  his  large  sheet of  paper  just  as  he 
was about  to  paint  a  picture.  He  folded the  paper  to  get  it  into  the  waste 
paper basket,  and  then  it  fell  open.  He  was  so excited by  the  pattern he  saw 
that he  took  it  to  show  his  teacher.  "Stephen's  patterns"  began  to cover  the 
walls of  the  school.  Children's  collections  included  leaves  and flowers  "like 
Stephen's pattern",  and  other  flowers  showing  a  different kind  of  symmetry. 
A six  year  old  had  been  struggling  to  fit  the  lid  on  a  nearly  square  biscuit 
tin. As  he  came  away his  teacher  asked him:  "In  how many  ways  can  you fit 
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the lid  on  the  biscuit  box?"  The  boy  turned  to  find  out,  and  then,  without 
further experience,  replied,  "Two  ways  it  will,  two  ways  it  won't".  That 
teacher realised  the  mathematical  potential  of  the  boy's  struggles  with  the 
box and  lid. 
A large class of ten  year olds had been  experimenting  with  regular  symmetrical 
shapes. They  discovered  that  the  angles  of  a  regular  triangle  were  60°;  they 
calculated the  angles of a hexagon (made  with  regular  triangles) at 120°. "Three 
sides 60°,  six  sides  120°".  The  symmetry  of  this  appealed  to  them.  "Is  this 
a pattern?",  they  asked.  This  sparked off  an  enquiry concerning  the  relation-
ship between  the  number  of  sides  a  regular  shape has,  and its  angle.  They 
plotted a  graph  showing  how  the  angle  changed  with  the  number  of  sides. 
The line  joining  the  discrete  points  was  in  a  curve  (fig.  6), so  the  children 
decided to  look  for  a  turning  point. 

Their teacher  was  absent for  several  days,  so  they  worked  without  interrup-
tion or  supervision  and  plotted  the  graph  to  240  sides.  The  line  joining the 
points showed  no  sign  of  turning  but  they  continued,  calculating  angles  of 
sequences of  regular  polygons.  The  last  entry was  450 million  sides.  "When 
we saw the pattern, we  realised we never should reach  180° or  turn  the  graph", 
they wrote.  Throughout,  these  children  were  aware of pattern  and  symmetry 
in shape and in  number. 
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(e) Similarit y 
I wan t t o tel l yo u on e exampl e o f similarit y fro m many , becaus e thi s 
illustrates how easily mathematics can arise in other aspect s of th e curriculum . 
A class  of ten  year  olds  who  kept  many  classroom  pets had  noticed that  the 
mouse seemed  to  feed  for  longer  periods then  any  other  animal.  The  teacher 
suggested that  they  should  find  out  how  much  the  mouse  ate.  So  the  children 
kept careful  records  daily  for  a  month  and  discovered  that  their  one-ounce 
mouse ate,  on  an  average, half an  ounce each  day. Mark,  with  a  baby brother 
of weight  8lb.,  found  out  that  the  baby  had  6  feeds a  day  of  5  oz.  "That's 
nearly one  quarter  of  his  weight,  " Mark wrote,  He  then  kept  a  record of  the 
food he  ate  himself.  He found this  to  be  about 1/25  of  his  weight. "Why  do 
babies and  mice,  both  small  creatures,  need  more  food?" the  children  asked. 
After much  discussion  with  the  teacher  they  decided  that  skin  area  and loss 
of heat  might  be  part  of  the  reason.  The  teacher  (who had  been doing  some 
reading on the  subject)  suggested  that  the  children  should  use  a mathematical 
shape to  find  the  relationship  between  skin  area  and  weight  (or  volume). 
They chose  inch  cubes  and  used  these  to  build  a  set of  cubes  of  edges  1, 2, 3 
etc. inches.  They  made  a  table  showing  the  skin  area/volume  relationship. 
Here is  the  beginning:-

This showed  that  the  skin  area/volume  rate  was  halved when  the  edge  was 
doubled, and  a  graph helped to  clarify  this  still further. Some  of  the  children 
found this  idea  difficult  and  repeated  the  experience  using  identical cuboids 
instead of  unit  cubes.  Using  the cubes  the  children  discovered  several  other 
sequences and  patterns  concerning  the  perimeter  and  area of one  face. From 
the number  patterns  they  predicted  the  type  of  graph (straight line  or curve). 
They found,  too,  that  there  were  several other applications  of  these  relation-
ships in  biology.  (Geography  provides  many  other  important  applications: 
scale maps  and  the  globe,  surveying,  etc.) 

(f) Limit s 
The last topic I want t o consider i s limits. I  have already given many example s 
of thi s i n th e constant-perimete r an d are a section , an d i n symmetry . Th e 
children who continued thei r investigation t o 450 million side s had first-han d 
experience o f a  mathematica l limi t whe n the y realise d that , eve n wit h tha t 
polygon, the y woul d neve r reac h 180 ° fo r th e angle . Bu t th e concep t o f a 
limit can b e experienced an d understood b y younger children . 
I asked a group of  8 year olds in  Ontario  to  make  the  largest  square they  could 
from a  sheet of  paper. After some  false starts this  was  done and  the  extra  piece 
removed. But  in  doing  this  the  children  had  folded  the  square  along  one 
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diagonal and obtained a  triangle. "What  shape is  it?", I  asked. "A  right  angled 
triangle" they  replied.  "How do you know  it  is  a right angle?" "It's  the  corner 
of a  square", was  the answer  (showing  that  the  children,  too,  understood  the 
difference between  intuition  and  mathematical  proof).  "Its  two  sides  are 
equal", said  Cathy.  "How  do  you  know?",  I  asked.  "Because  they  match", 
"Because they are  sides of a  square", were  the  two  answers  given. In  matching 
the equal  sides  the  children  had  made another  isosceles  right angled triangle. 
"It's the  same  shape  as  the  other".  "It's  half  the  other  triangle  and  one 
quarter of the  square" said  another. With  mounting excitement  they  continued 
to fold  saying  (words  failed  them  after  this).  "What 
will happen  eventually?",  I  asked.  "You  will  get  a  very  wee  triangle  but we 
shan't ever  get to  the  centre",  said  Cathy. Scott  remarked  that  as  the triangle 
got smaller  the  paper  got  thicker  until  it  was  too thick  to  fold. At  this  stage 
I asked  them  to  unfold  their  paper.  Many  comments  were  made  on  the 
pattern of  triangles  and squares.  I  asked them  to  cut  the  square  in  two  along 
the diagonal and make  the  next  larger  triangle in the  sequence.  (This  was  very 
quickly done.)  "Now  join  with  a  friend and  make  the  next  in  the  sequence, 
using four triangles".  Before  I  could  do  this  myself  Janet  shouted,  "Me  and 
Scott will  do it  and we  can go on and  on  till  we fill the  room". 
This exampl e exhibit s severa l characteristic s I  wan t t o emphasise . First , th e 
children ha d a n ide a o f a  limiting sequenc e o f number s a s well as of shapes . 
Also, th e concept s o f symmetr y an d similarit y wer e introduced . Bu t th e 
material itsel f wa s simple . Th e wor k wa s no t planne d an d I  wa s carrie d o n 
by th e rising interest o f th e children . 

In-Service Trainin g 
21. I  hav e alread y referre d t o th e nee d fo r teacher s to kno w mor e mathematics , 

but importan t thoug h thi s is , i t i s no t enough . I f teacher s are to provide thei r child -
ren wit h opportunitie s fo r discoverin g mathematica l idea s the y mus t b e convince d 
that thi s i s possibl e fro m thei r ow n firs t han d experience . W e have , therefore , 
developed ou r in-servic e training t o provide teachers with opportunitie s fo r discover -
ing b y investigatio n th e mathematic s the y nee d t o know . The y wor k i n group s o f 
eight, eac h wit h a  tuto r (ofte n a  leader, teache r o r lecturer fro m a  teachers' college) . 
Each grou p contain s infant , junio r an d secondar y teachers . Thi s contac t i s ver y 
helpful. Ther e ar e variou s pattern s o f in-servic e training , fo r example , an initial 3  or 
5 da y cours e followe d u p a t teachers ' centre s on e sessio n a  wee k (afternoo n o r 
evening) fo r 8  t o 1 6 sessions . It i s important tha t mos t o f the teachers ' time i s spent 
in workin g eithe r a t thei r ow n level , o r i n preparin g wor k fo r th e classroom . Ofte n 
each group wil l cover the age range 5  to 16 . 

22. Teachers ' centre s wer e firs t se t u p i n Britai n earl y i n 1963 . These wer e pro-
vided b y Educatio n Authoritie s t o giv e teacher s opportunitie s o f meetin g i n smal l 
groups a t regula r interval s t o stud y mathematic s an d othe r subjects . Nearl y 10 0 
centres wer e se t u p i n area s associate d wit h th e Nuffiel d Mathematic s Teachin g 
Project o r th e Junio r Scienc e Project , whe n thes e bega n i n 1964/5 . Toda y ther e 
are mor e tha n 30 0 centres ; man y o f thes e no w provid e fo r th e stud y o f othe r 
subjects a s well . Som e o f th e centre s ar e use d a s classroom s b y da y an d a s centre s 
in th e evening ; other s hav e bee n speciall y equipped . 
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23. Teacher s fro m infant , junio r an d secondar y school s frequently mee t a t thes e 
centres t o stud y variou s topic s i n mathematics , t o prepar e wor k fo r th e classroo m 
and late r t o brin g children' s wor k t o compar e an d discuss . In this way they ar e able 
to cove r differen t aspect s o f mathematic s an d t o lear n from eac h other . Frequentl y 
the leader s ar e teacher s althoug h lecturer s fro m college s o f educatio n ar e usuall y 
called i n t o help . 

Modern Mathematic s 
24. I  hav e no t mentione d s o calle d "moder n mathematics" . Th e ne w idea s 

emphasise bot h th e structur e an d the unity o f mathematics and have helped us , too, 
to tak e a  ne w loo k a t more traditiona l topic s in arithmetic, geometry an d algebra . A 
knowledge o f th e foundation s o f numbe r i s o f importanc e t o al l teachers . Man y of 
the new ideas are already included in the curriculum because these are natural activitie s 
of young children, e.g., matching one-to-one, sorting (into sub sets), ordering relations . 
Communication o f result s ha s become surprisingl y varied ; language, mapping (a very 
useful wa y o f recording) , tabula r forms , representation s usin g three-dimensiona l 
material o r pictures , an d graph s o f man y kinds . Thes e topic s d o no t hav e t o b e 
specially introduce d an d give n a  ne w vocabular y an d symbolis m (excep t perhap s t o 
use th e wor d 'set ' instead o f group o r collection) . The formalisation o f the ne w ideas 
is surel y a n activit y whic h shoul d occu r a t th e secondar y stag e fo r mos t pupil s bu t 
the concept s themselves , an d a  knowledg e o f the m b y teachers , are highly desirabl e 
if soun d foundation s ar e t o b e laid . I n brief , a  knowledg e o f moder n mathematic s 
is very usefu l fo r u s bu t ou r childre n wil l com e t o n o har m i f the y d o not mee t it s 
more forma l aspect s until the secondar y stage . It i s essential that teacher s should no t 
be encouraged to experiment with new material unless the y hav e sufficient knowledg e 
and confidence . 

25. I n Britai n th e Nuffiel d Mathematic s Teachin g Projec t i s experimenting wit h 
topics fro m moder n mathematic s i n school s i n more than a  hundred areas . A t thei r 
local centres teachers are asked t o commen t o n their experiences o f these topics . 

Parents 
26. Bu t ther e ar e other s concerne d i n ne w way s o f learning , fo r example , 

parents an d lecturer s a t college s o f education . Th e bes t wa y to initiate parents is to 
let the m lear n a s w e ar e encouragin g thei r childre n t o learn —  actively , through rea l 
experience an d b y mean s o f challengin g questions . Man y teachers ' centre s have ful -
filled thei r function a s parents' centres also. 

Colleges of Educatio n 
27. I t i s fortunat e tha t i n Britai n He r Majesty' s Inspector s an d lecturer s fro m 

colleges hav e ha d annua l join t conferenc e o n mathematic s sinc e 1956 . W e hav e 
worked together , too , o n a  number o f teachers ' courses . Many lecturers feel , a s I do, 
that students , lik e full y fledged  teachers , requir e t o lear n mathematic s i n th e sam e 
active way as the children the y teach . This is time-consuming an d som e principals are 
not ye t awar e o f th e tim e require d t o d o thi s an d t o help to remedy deficiencie s i n 
the students ' mathematical background . We still have a long way to go. 
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Conclusion 
28. I  want t o en d wit h my favourit e stor y o f children . 

It concerns  Peter, a ten year old,  whose  IQ  was  said to be  110  and  who  would 
not normally  have  been  transferred  to  one  of  our  grammar schools.  Until  he 
was ten  Peter  and  some 40  others  in  his class had had a traditional education 
in arithmetic.  In  his  last year in  the  junior school  he  was  taught mathematics 
by a pioneer teacher.  At first  the  children were  hesitant and  insecure.  One  day, 
however, Peter  asked:  "If  I  run a  truck down  the  ramp and  time  it,  then  jack 
the ramp  up twice  as  high, would  the  time  be  halved?" The  teacher  suggested 
that Peter  and  two  friends  should  investigate  the  problem  which  occupied 
them for  a  whole  morning.  This  was  the  first  time  Peter  had  taken  the 
initiative. Some  time  later  Peter brought  the  teacher  his  graph of how  squares 
grow (y  =  x2 )  and  said  he  wanted  to  find two  patterns.  One  was the pattern 
of areas  under the  curve  at  1  unit  intervals.  The  teacher  was  very  surprised 
and asked,  "But  why  do  you  think  there  is  a pattern, Peter?"  He  replied, 
"In mathematic s there' s alway s a  pattern , you'v e onl y go t t o loo k fo r it" . 
This started  a  six months'  piece  of  work  during  which  Peter,  like  Archimedes 
before him,  discovered  the  calculus  (both  integral  and  differential).  Peter 
had only  one  method  at  his  disposal:  he  drew  the  curve  (y  =  x2 )  carefully, 
counted squares  and  approximated  to  find  successive  areas.  At one  stage  he 
was faced by  the  sequence: 

This held him up  until he  decided to  multiply  by  3  — when  he  saw the pattern 
immediately. Peter's  excited  cry:  "It's  x  cubed  over  3",  was  reminiscent of 
Archimedes' "Eureka". 
Peter's parents  were  totally  unable  to  help  him  at  home,  where  much  of  his 
work was  done.  Indeed,  Peter  developed  too  much  independence  to  have 
allowed this.  When  his  work  was  complete I  talked  to  Peter about it.  He had 
studied the  sequence  y  =  x2, y  =  x3, y  =  x4. I asked  him  if  his  findings would 
apply if  he continued  the  sequence  in  the other  direction.  He  replied, "y  = x, 
y =  1", then  said,  with mounting  excitement,  "I  am going  away  to  try  this 
myself. I  am  afraid  you will  tell  me",  and  he rushed out  of  the  room  until  he 
had completed  the  problem.  When  he  returned he  said, "Smashing morning! 
It works  that  way  too". 

29. Thi s stor y i s significan t fo r man y reasons . Peter was not th e mos t intelligen t 
in hi s class,  bu t onc e hi s imaginatio n wa s fire d h e had the creativit y an d persistenc e 
to complete an outstanding piec e of abstrac t mathematics . The problem wa s his own, 
therefore Peter was intensely intereste d i n solving it, but he would no t have asked th e 
question ha d h e no t learn t mathematic s i n a  creative , an d permissiv e way . Hi s firs t 
hand experienc e ha d mad e hi m awar e o f th e orde r an d patter n i n mathematics . He 
possessed th e skill s h e require d t o complet e th e solution . So Peter's work fulfil s m y 
three aims : releasin g childre n t o think , lettin g the m discove r th e patterns in mathe-
matics, giving them the skills. This way of learning mathematics i s causing a revolutio n 
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in Britain, at all levels and with all abilities. We have a long way t o go, but w e shall no t 
fail if we can convince al l our teachers and equip the m t o wor k i n this way . 

REPORT OF WORKING GROUP A.1. 

Chairman: Mrs . E.M. Williams (Britain ) 

Introduction 
30. Grou p A. l face d a  doubl e tas k i n considerin g both metho d an d content . T o 

achieve both aims the group concentrate d o n the chang e o f approac h withou t specifi c 
regard to content and the introduction of new material, which woul d b e taught b y th e 
newer methods . There wa s a ready acceptanc e o f the chang e o f approach fro m a  pre-
dominance of clas s instruction t o a  proportion o f active investigation b y the childre n 
themselves. Thes e change s ar e i n lin e wit h moder n thinkin g i n educatio n generall y 
and thei r successfu l applicatio n i n mathematic s may lea d to simila r changes in othe r 
aspects of the curriculum . 

31. Ther e ar e majo r difficultie s t o b e face d i n adoptin g mor e moder n methods . 
First ther e i s a  shortag e o f teacher s adequatel y qualifie d fo r th e ne w mathematic s 
programmes; secondl y ther e i s a  shortag e o f speciall y designe d materials . Thirdly , 
where selection for secondary educatio n depend s on an examination th e mathematic s 
syllabus in primary schools may b e restricted t o the requirements o f the examination . 
This report therefore present s a compromise betwee n th e desirabl e goal for th e futur e 
and wha t i s practicable a t th e present stag e in different countries . 

32. I n definin g th e range of the enquir y th e group analysed th e limit s of primar y 
education i n the areas represented. I t wa s found tha t th e majorit y primar y educatio n 
extended fro m 5/ 6 t o 11/1 2 year s of age . Some countrie s stil l have schools coverin g 
the age range 5 to 15 . For the purposes of this report only the firs t si x years of primar y 
education wil l be considered . 

Active Experience as the Basis for Learning Mathematics 
33. I n activ e learnin g th e emphasi s i s shifte d fro m instructio n b y teacher s t o 

investigation b y childre n themselves . Th e teache r create s opportunitie s fo r childre n 
to inven t an d discove r b y providin g material s fo r the m t o handl e whic h h e o r sh e 
knows from persona l experienc e wil l cause them t o ask questions and to initiat e thei r 
own explorations. Bu t i t is not alway s necessary t o give children rea l materials; some-
times the y wil l b e stirre d t o as k abou t thing s the y hav e observe d an d t o pursu e 
enquiries withou t promptin g fro m th e teacher . A t othe r times their investigation o f 
problems associate d wit h shapes or numbers wil l lead them t o invent a  new problem . 
In brief , method s o f activ e learnin g hav e cause d a  shif t fro m over-emphasi s o n 
computation t o a  discover y o f pattern s an d relation s whic h wil l b e foun d i n 
experiences o f spac e an d number , i n measuremen t o f man y kinds , i n mechanica l 
devices an d i n natura l forms . 

Arguments advanced  in  support  of  active  learning 
34. (a ) Classroo m experienc e i n man y part s o f th e worl d ha s indicate d tha t 

children learnin g b y mean s o f thei r ow n exploration s lear n mor e 
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thoroughly. "Ever y teache r know s tha t a  youn g chil d wil l lear n mor e 
readily whe n h e i s engrosse d i n a n activity" . (Introductio n t o a  Wes t 
Indian Guid e fo r teachers) . 

(b) Childre n o f al l age s an d o f al l abilitie s fro m th e leas t t o th e mos t abl e 
profit fro m thes e methods . Childre n wh o ar e slo w a t calculation s ma y 
readily se e spatia l relation s whic h will , i n turn , hel p the m t o recognis e 
number patterns . 

(c) Childre n enjo y mathematic s brough t t o the m i n this way and wor k wit h 
enthusiasm. Th e feelin g o f certaint y tha t wha t the y hav e discovere d i s 
right give s them confidenc e i n their ow n powers . 

(d) Whe n thes e method s ar e applie d t o arithmeti c and childre n ar e encour -
aged t o devis e thei r ow n method s fo r writte n calculations , they under -
stand wha t the y ar e doin g an d fa r les s tim e i s required fo r practic e i n 
isolation fro m experience . 

(e) Sinc e childre n ar e learnin g throug h question s an d investigation s th e 
emphasis i s o n proble m situations . Th e transitio n fro m th e us e o f rea l 
materials t o the consideratio n o f verbal problems is an easy one becaus e 
children hav e forme d vivi d menta l image s bot h o f pattern s the y hav e 
encountered an d o f the way s in which they foun d o r made them . 

The teacher's  role 
35. Childre n need t o handle real material; sensory experienc e i s valuable i n arous-

ing thei r curiosity . Th e teache r select s materia l whic h ha s mathematica l potential , 
observes the child's use of thi s and asks questions, when necessary , t o help th e child' s 
thinking. Sometime s childre n star t thei r ow n enquiries , a t othe r time s th e teache r 
will nee d t o as k a n open-ende d questio n o r sugges t a n experimen t t o star t the m 
thinking. Th e for m o f th e questio n aske d i s important . Open-ende d question s 
stimulate a  variet y o f suggestions . Directe d question s rarel y allo w opportunit y fo r 
inventiveness. (Se e Th e Teachin g o f Mathematic s a t Primar y Level , Lea d Pape r b y 
Miss E.E. Biggs, paragraph 10 , for example s of directed an d open-ended questions) . 

The value of discussion 
36. Whe n childre n ar e deepl y involve d i n a n investigatio n the y wil l wan t t o 

communicate thei r findings t o thei r teache r an d to thei r companions . Although ther e 
are variou s mean s o f communicatio n suc h a s drawing , makin g model s an d writing , 
it i s importan t tha t childre n shoul d hav e opportunitie s t o tal k t o othe r children a s 
well a s t o thei r teacher s eithe r abou t thei r successe s o r abou t thei r perplexities . 
Such discussio n ma y revea l languag e difficulties . Thi s ma y b e du e t o lac k o f 
opportunities fo r conversatio n i n th e home ; o r i t ma y b e tha t th e mediu m o f 
instruction i s no t th e vernacular . I f th e mothe r tongu e doe s no t hav e th e relevan t 
mathematical phras e i t ma y b e necessar y t o provid e th e appropriat e phras e i n th e 
ultimate language of instruction. Fo r al l children firs t han d experienc e and discussio n 
will exten d thei r vocabulary , enlargin g th e numbe r o f word s the y understan d an d 
words the y ca n us e spontaneously . 
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37. I n som e countrie s ther e i s a  traditio n tha t childre n ar e no t expecte d t o 
speak unles s the y ar e spoken to ; talking may eve n be regarded a s a form o f rudeness . 
In suc h circumstances free discussio n wil l only occu r if conversation i s encouraged i n 
the classroom . Sinc e b y discussio n childre n clarif y thei r thought s and increase thei r 
command o f language , such conversation i s essential. This implies a freer atmospher e 
in the classroo m tha n i s found i n formal clas s teaching. 

The necessary  materials 
38. Th e material s required fo r a n active programme ar e selected b y teachers wit h 

the children' s mathematica l need s i n mind . Throug h thei r choic e th e teacher s ar e 
providing guide lines for thei r children' s development . Som e of the things needed wil l 
be foun d i n th e immediat e environmen t an d bot h childre n an d teache r may be con-
cerned i n collecting these . But no t al l material ca n be provided i n this way and i t was 
strongly urge d tha t Authoritie s shoul d mak e mone y availabl e fo r certai n basi c 
materials an d equipment . 

39. I t i s no t likel y tha t fund s wil l be sufficient fo r al l requirements. I t wa s there-
fore suggeste d tha t teacher s shoul d b e encourage d t o make or improvise as many o f 
the thing s they nee d a s possible. If accommodation an d facilitie s fo r thi s purpose ar e 
provided teacher s wil l b e abl e t o share , possibl y a t a  specia l centre , ideas about th e 
use o f loca l materials . Variou s ingeniou s scheme s hav e bee n devise d i n severa l 
countries i n Afric a an d elsewher e t o produc e equipmen t fro m loca l material s o n a 
large scale . 

40. O f cours e book s ar e important . Ther e ar e man y book s o n th e marke t fo r 
teachers an d fo r children , includin g referenc e book s o f information . Thes e ca n be a 
useful sourc e o f idea s fo r teacher s a s wel l a s children . Eac h schoo l shoul d ai m a t 
making a  varied collectio n usin g al l availabl e funds . Man y teachers wil l require text -
books t o hel p the m t o provide the varied activitie s which children wil l need an d also 
for practic e in computation . 

A suggested  list  of  useful  materials 
41. (a)  Shape s 

Boxes, round  tins  and  other  containers;  leaves,  shells,  fruits,  seeds, 
flowers, inch  and centimetre  cubes,  beads,  balls,  globe, mirrors. 

(b) Sorting , matching and countin g materials , structural material s 
Seeds, stones,  shells,  small  plastic  toys,  cubes,  rods  (length  1  to  10 
units), number  track,  a  number  line  painted  on  the  wall  or  marked 
on the  ground  in  a  variety  of  relevant  units,  beads  on a  taut horizontal 
string. 

(c) Measuremen t 
Length :  Canes  or  softwood,  string  or  fibre, homemade  trundle  wheel 
(yard or  metre  in  circumference). 
Weight :  Balance scales, springs coiled wire  (hair rollers, extension springs 
tendrils of  climbing  plants). 
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Lever: straight  stick  or  rod  to  suspend,  or  to  balance  on a  small wedge 
of wood,  metal  washers. 
Capacity: Pots, gourds,  cocoanut  shells,  pails, tins. 
Time: String and  bob  for pendulum. 
Area :  Various materials  to  cover  a plane (or  curved)  surface  or  a model, 
e.g. textiles,  newsprint,  leaves,  seeds,  squares,  identical  triangles,  etc., 
mats, geo-boards  or  peg boards  made of  softwood  with  pins  or  pegs. 
Rotation :  compass, geared  wheels,  protractor,  homemade  clinometer. 

(d) Constructiona l Material s 
Commercially produced  strips  and  bolts  or  drinking  straws,  building 
blocks of  various  shapes and sizes  (off-cuts),  homemade  level. 

(e) Material s for Communicatio n an d Recordin g 
Squared paper  (in  inch  and  centimetre  uints),  coloured  paper  and  card, 
newsprint or  other cheap  paper, paints  or  dyes, brushes,  coloured  pencils 
or felt-tipped pens,  abacus  and rings  of dough  or  paper beads,  scissors. 

Introducing Active  Learning  Situations  in  the Classroom 
42. (1 ) Th e headteache r i s a  key perso n i n th e introductio n o f ne w idea s an d 

could giv e a  lead i n hi s school . Exchange o f ideas among the staf f i n the schoo l is of 
first importance . T o gai n confidenc e teacher s nee d t o star t wit h a  smal l grou p o f 
children. I t woul d b e idea l i f th e headteache r too k th e remainde r o f th e class ; 
alternatively thes e childre n coul d b e se t mor e forma l wor k whil e th e teache r wa s 
working wit h th e selecte d group . Th e teache r ha s t o convinc e himsel f tha t childre n 
using materials can discover mathematica l pattern s and relations fo r themselve s with -
out bein g give n precis e instruction . On e metho d o f organisatio n i s t o initiat e a 
different grou p eac h da y unti l teache r an d childre n fee l confiden t i n thi s wa y o f 
learning. The numbe r o f childre n include d eac h day ca n then b e extended . 

(2) Teacher s shoul d b e full y awar e o f th e reason s fo r introducin g ne w method s 
before the y tr y these . The y nee d t o experienc e th e activ e learnin g o f mathematic s 
themselves befor e the y attemp t thi s approac h i n thei r ow n classes . Afte r teacher s 
have attende d a n initia l cours e whic h provide s suc h opportunities , the y nee d con -
tinued hel p whil e stil l experimenting i n their classrooms . This help coul d com e fro m 
leader-teachers, lecturer s fro m teachers ' colleges or advisory teachers . In some o f th e 
countries represente d a t th e Conferenc e full-tim e advisor y teacher s hav e bee n 
appointed t o hel p i n primar y schools . 

(3) Teacher s embarking on a  new syllabus find hel p in guides issued b y educatio n 
authorities and others . In some countries the syllabus and guides have been draw n u p 
by groups of teachers , tried ou t i n their classrooms , subsequently amended , an d the n 
approved fo r use . When introducing ne w methods i t woul d b e a great help i f teacher s 
could visi t school s where good teacher s were already using these methods . 

(4) Al l thos e concerne d wit h educatio n shoul d b e mad e awar e o f th e ne w 
methods: supervisors , headteachers , lecturer s i n teachers ' college s an d parents . Th e 
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best wa y to hel p them i s to organis e meetings in which they ar e able to tr y fo r them -
selves, to learn new ideas by the new ways. 

(5) Whe n learnin g fro m experience s childre n canno t b e kep t i n rigi d rows . I f 
classrooms ar e over-crowde d childre n ca n wor k out-of-door s whe n condition s ar e 
suitable. Fo r th e future , movabl e flat-topped  desk s shoul d b e provide d fo r olde r 
as wel l a s younge r grades . Extr a tables , shelves , an d a  cupboar d (stee l wher e 
necessary) woul d b e neede d fo r displa y an d storage . Additiona l displa y spac e 
is required for children's finished work . In planning new school buildings, Authoritie s 
should bea r i n min d tha t a  classroo m programm e whic h involve s considerabl e 
activity fo r th e childre n require s differen t kind s of buildings and equipment . 

Fundamental Content 
43. Children' s firs t experience s o f mathematic s shoul d include opportunitie s fo r 

imaginative constructio n wit h object s whic h attrac t them . Throug h suc h activitie s 
they gro w awar e o f th e characteristic s whic h thing s possess , suc h a s colour , shape , 
heaviness an d texture , an d o f likenes s and differenc e i n the things they ar e handling . 
Relevant vocabular y shoul d develo p easily . Th e rang e o f activitie s offere d a t th e 
early stage s provide s th e basi s o f earl y idea s of number an d spatia l relations and th e 
measurement o f continuou s quantities . The y wil l als o hel p a  chil d t o for m menta l 
pictures o f hi s action s whic h wil l later make mental operations possible . The various 
aspects o f mathematic s shoul d develo p sid e b y sid e although, for convenience , they 
are considered separatel y in subsequent paragraphs . 

Foundations of  Number 
( 1 ) Th e pre-counting stag e 

44. A t th e pre-countin g stag e man y opportunitie s fo r th e necessar y sortin g an d 
matching experience s wil l aris e naturall y a t hom e an d ca n easil y b e contrive d a t 
school; fo r example : sortin g bowls , pebble s o r package s fo r colour , shape , siz e etc . 
Children usuall y notic e tha t on e o f th e set s ha s mor e thing s i n i t tha n anothe r an d 
the ide a o f comparin g arises . Matching wil l also have arisen naturally a t home and in 
school e.g . i n settin g ou t bowl s fo r a  family mea l and in arranging mats or chairs fo r 
each child . Matchin g (one-to-on e correspondence ) ca n therefore b e used to compar e 
the sets . Durin g thes e experience s th e languag e whic h expresse s th e relatio n o f 
inequality wil l normally arise before that of equality an d wil l be used more frequentl y 
e.g. more  and  fewer  befor e as  many as  (an d late r more  and  less  before as  much as 
when dealin g wit h quantities) . Othe r idea s o f correspondenc e aris e whe n talkin g 
about pair s of sandal s and th e peopl e they belon g to , and th e childre n belongin g to a 
family (man y t o one) ; a cat and her kittens or a hen and her chicks (one t o many) . 

(2) Beginning s of countin g 
45. A t thi s stag e children wil l recognise th e smalle r numbers , perhaps 1  to 5 , and 

will us e thei r names , matchin g thes e numbe r name s t o set s o f rea l objects . Befor e 
children ca n reall y coun t object s the y mus t hav e experienc e o f order ; for example : 
heavier an d lighter , longe r an d shorter , arrangin g thre e childre n i n orde r o f height . 

46. Th e ide a o f cardina l numbe r ca n b e extende d beyon d th e easil y recognise d 
numbers whe n childre n ca n mak e a  sequenc e o f set s (beginnin g wit h on e object) , 
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each o f the m wit h on e mor e membe r tha n th e previou s set . For example , a class of 
children arrange d themselve s i n orde r accordin g t o th e numbe r o f childre n i n thei r 
families. Eac h chil d dre w al l th e childre n i n hi s family , namin g eac h chil d an d 
including himself . Th e familie s wer e arrange d i n sequenc e wit h equivalen t set s 
(families wit h th e sam e numbe r o f children ) place d together . Childre n wh o ca n 
recognise equivalen t set s mus t alread y hav e realise d tha t th e numbe r o f object s in a 
set does not depen d o n thei r arrangement . 

47. Experience s of order also occur whe n childre n ar e comparing the content s (i n 
spoonsful o r cupsful ) o f a  se t o f utensils , th e weigh t o f a  se t o f stones (show n o n a 
stretched sprin g o r b y usin g identical washer s on balance scales) , the lengths of thei r 
own fee t (marke d o n a  stri p o f paper) , s o tha t the y for m a  sequence . Afte r thi s 
children ar e soo n abl e t o coun t i n spoonsful , washer s o r unit strips . Further experi -
ence shoul d includ e keepin g a  recor d o f th e weigh t o f a  growin g anima l an d th e 
height of a growing plant. This, too, can be done by direc t transfe r o f th e dail y heigh t 
to a  vertical strip . 

(3) Sequence s 
48. Th e namin g o f position s i n a  sequence : first , second , third , etc. , arise s i n 

dealing wit h quantitie s a s well as with sets , e.g. order o f entering o r leaving the class-
room, the orde r o f childre n scorin g points in a game. 

49. I n addition to arrangin g a  set o f object s in sequence , children shoul d b e asked 
to mak e a  variety o f pattern s wit h them. They wil l then discove r the patterns whic h 
are characteristi c o f an y particula r number , e.g . the rectangular patter n mad e b y th e 
even numbers o r the pattern mad e b y packing seven disc s close together . 

A sequenc e o f set s with cardina l numbers 1,2,3,4 , etc. is well illustrated b y a child 
stepping alon g a  line and markin g his steps as he goes. Such movement ca n be shown 
on a  graduate d numbe r lin e whic h wil l the n b e availabl e t o exten d th e child' s 
counting. 

(4) Operation s 
50. Th e handlin g o f set s o f objects , o f continuou s quantitie s (length , weight , 

capacity, time ) an d o f money , als o gives rise to operations with numbers . These wil l 
include matchin g an d comparin g (b y subtractio n an d division) ; combinin g an d 
separating wil l involv e al l fou r basi c operations . Thes e operation s ma y aris e i n an y 
order. Fo r example , findin g one-hal f (o r one-quarter ) o f a  yard o f fibr e illustrate s 
the sharin g o r fractiona l aspect s o f division . Findin g ho w man y 9"length s ca n b e 
cut fro m a  yar d o f fibr e involve s th e measurin g o r subtractio n aspec t o f division . 
Both thes e experience s ca n b e reverse d b y th e teache r b y askin g th e question : 
"What lengt h o f fibre  d o yo u nee d altogethe r t o giv e a  9 " lengt h t o eac h o f 
4 children? " 

51. A t first , recordin g wil l b e i n picture s o r i n th e child' s ow n word s orall y o r 
in writing . Late r th e teache r ca n introduc e th e shorthan d mathematica l wa y o f 
recording, e.g . 9 + 5 = 1 4 to match th e experience o f 5  more childre n joining a  set of 
9. 
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52. A  numbe r trac k an d rod s ( 1 t o 1 0 unit s long ) offe r furthe r opportunitie s 
for experienc e wit h th e operation s whic h wil l no w b e mor e closel y concerne d wit h 
the number s themselves . Movemen t alon g th e numbe r lin e illustrates the operation s 
of additio n an d subtraction , multiplication an d divisio n and thei r inter-relationships . 

(5) Tabulatio n 
53. Th e tabulatio n o f result s foun d fro m a  numbe r lin e (and fro m othe r experi -

ences) give s an ordered menta l picture whic h helps children t o recal l the pattern o f a 
sequence and makes a contribution to the memorisation of number facts. A confiden t 
knowledge of such facts (additio n an d subtractio n befor e multiplicatio n an d division ) 
is essentia l befor e childre n ca n undertak e th e calculation s which they nee d t o write . 
By carefu l plannin g o f experience s an d question s a  teache r ca n allo w childre n t o 
devise thei r ow n method s fo r writte n calculations , fo r example , i n lon g multiplica -
tion an d division . 

54. Th e relation s show n i n th e tabulatio n o f a  sequence , fo r exampl e th e se t of 
multiples 0,3,6,9, etc. , can be represented : 

(1 ) b y arrangin g uni t cube s and rods ; 
(2) b y a  block graph ; 
(3) b y a  column graph . 

Finally, th e relationshi p ca n b e extende d an d ca n b e represente d eithe r b y joinin g 
any pai r o f correspondin g point s o n tw o paralle l numbe r line s o r b y a  continuous 
line referred t o tw o number line s at right angles . 

(6) Laws of Arithmeti c 

55. Awarenes s o f thes e law s ma y gro w 
from examinin g tabulations . Fo r instance , 
addition o r multiplicatio n fact s ca n b e orga -
nised a s a  squar e arra y o r tabl e (Fig . 1 ) fro m 
which symmetr y abou t th e diagona l wil l show 
the commutative la w of addition : 

56. The corresponding multiplication squar e 
(Fig. 2 ) wil l sho w th e same law for th e opera -
tion o f multiplication . Thi s bring s ou t th e 
rectangular pattern characteristic of a multiple. 

(7) Systems of notatio n 
57. Experienc e wit h othe r numbe r base s 

helps childre n t o understan d th e structur e 
underlying th e denar y syste m a s well . Th e 
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first encounte r wit h suc h base s may be through packin g a set of objects into squar e 
trays e.g . 5 by 5 , rows of 5 and any odd ones. The use of unit cubes , rods and layers 
(as i n multibas e blocks ) give s childre n on e type o f manipulativ e experienc e whic h 
leads int o th e more abstrac t representatio n o n an abacus . The binary scal e wit h its 
two digits , 0  and 1 , has a specia l fascinatio n fo r childre n (an d adults); the fact tha t 
it i s associated wit h th e action o f a  compute r give s a  further attraction . Experienc e 
with thi s notatio n give s childre n a  delighte d appreciatio n o f som e o f th e numbe r 
patterns which can be discovered. 

58. Th e lon g sequenc e o f power s o f a  smal l bas e suc h a s four : 4 , 4  X  4 , 
4X 4 X 4 , 4  X  4 X 4 X 4,.. . may lea d childre n t o inven t a  shorthand notatio n 
related t o the number o f factor s i n eac h power . The conventional exponentia l for m 
4 1 , 4 2 , 4 3 , 4 4 ,...... will t h e n b e use d 

Extensions to  the use of numbers 
( 1 ) Fractions , decimals, ratio 

59. Th e more experienc e childre n hav e of measuring, the more likely they are to 
be familia r wit h fractiona l part s of a unit. Measurement o f the quantities mentione d 
earlier provid e instance s o f "th e bit over" . Th e division o f a  quantit y b y a number 
such a s 4 (findin g a  quarter of ) leads rapidl y t o the idea o f a  fraction writte n a s . 
A wid e variet y o f experience s o f pape r foldin g an d cutting, of sharing a quantity or 
partitioning a  set, is needed t o establish the equivalence of fractions, a  relation whic h 
is required fo r any calculations necessary. Children can devise their own methods for 
these calculations . Th e method s childre n inven t ar e usually simple r tha n thos e we 
teach them . 

60. Becaus e w e have t o use two numbers t o express a fraction othe r approache s 
have bee n trie d out . Some teacher s us e the notation o f fraction s t o mean th e two 
operations multiplicatio n an d division; e.g. mean s divid e b y 4 and multiply b y 3. 
Alternatively, i f the two numbers ar e shown a s co-ordinates o n a graph w e see the 
fraction represente d b y the ratio o f the two numbers 3  and 4 o r as the ratio of the 
co-ordinates (4,3) . Th e ordere d pai r (4,3 ) is then use d t o represen t th e fraction . 
(3,4) is sometimes written t o represent th e fraction . 

61. Th e equivalent valu e o f 1 0 cents an d a dime i s a good introduction t o both 
the ide a o f an d t o th e decima l notation . 10 0 cent s t o a  dolla r extend s th e 
notation. Th e use o f metri c measure s carrie s th e notatio n furthe r an d it i s hoped 
that countrie s whic h d o not use the metric syste m wil l make plans for its adoption. 
The calculatio n an d interpretatio n o f percentage s i s eas y whe n decimal s ar e used. 
Integral percentage s ar e hundredth s an d can be read immediatel y fro m th e secon d 
decimal place . A representation o n squared pape r give s a  useful read y reckone r fo r 
finding a  percentag e (e.g . 37/45) o n two axes a t righ t angles , provided th e idea of 
ratio is understood. 

62. On e of the most valuabl e use s o f fractions i s to express a ratio, for example, 
the representativ e fractio n use d t o sho w th e scal e o f a  map. Children fro m abou t 
6 year s o f age will spontaneousl y us e a rough scale in the models and drawings the y 
make. Whe n buildin g tw o corresponding model s usin g centimetre cube s for one and 
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inch cube s fo r th e other , childre n wil l expec t correspondin g length s i n th e tw o 
models to be in the same ratio and wil l verify this . (The volumes and areas of the tw o 
models wil l not  b e i n th e rati o o f thei r lengths!) . Whe n accurate drawing s are made 
the rati o o f correspondin g length s ca n b e expresse d i n fractiona l form . Thi s give s 
rise t o th e wor d rational  use d t o describ e number s expresse d i n thi s way . Whe n 
rational number s ar e represente d o n a  numbe r lin e childre n realis e tha t an y natura l 
number ca n be divided b y anothe r number . 

(2) Positive and negative number s 
63. Whe n children tr y t o se e whethe r subtractio n i s commutative the y sometime s 

think o f extendin g th e numbe r lin e t o th e lef t o f zer o an d s o inven t th e negativ e 
numbers. Th e ide a o f positiv e an d negativ e number s ma y aris e earlie r through suc h 
practical experience s a s readin g temperature s abov e an d belo w zero , findin g th e 
height abov e an d th e dept h belo w wate r level , walking up and dow n stair s from th e 
first floor  or noticing the correspondin g distance s of reflected point s from th e axis of 
reflection. 

(3) Statistic s and Average s 
64. Man y enquirie s initiate d b y childre n com e from situation s in and around th e 

school, e.g . th e numbe r o f childre n wearin g certai n type s o f clothin g (blu e shirts , 
etc.), th e numbe r of vehicles passing the schoo l in a given interval of time , the size of 
shoe o r lengt h o f foot . Usuall y th e enquirie s begi n wit h a  smal l grou p o f children , 
then exten d t o th e clas s an d late r ma y involv e severa l classe s an d mak e th e us e o f 
large numbers inevitable . 

65. A  bloc k grap h i n whic h th e childre n themselve s ar e th e unit s ca n b e made , 
for example , whe n childre n choosin g coloure d rod s fro m a  containe r arrang e them -
selves i n row s accordin g t o th e colou r chosen . Representatio n o f informatio n col -
lected i n these enquiries should include :-

(a) bloc k grap h (i n whic h th e space s ar e labelled) . Th e numbe r (frequency ) o f 
children i n eac h se t i s marked o n th e vertica l axi s an d heights of block s can 
be compared . 

(b) colum n grap h (i n whic h vertica l line s replac e th e blocks , th e point s o n th e 
horizontal axi s must b e labelled) . 

(c) point s marke d a t th e top s of th e columns . In a  statistical enquiry involvin g a 
large numbe r o f childre n th e point s ma y b e joined t o sho w a  trend. A clear 
distinction should be made between such a distribution graph and a continuou s 
growth o r relationship . 

66. Fro m thes e representation s childre n usuall y commen t o n th e mos t popula r 
colour (calle d th e mode)  an d o n the range of the distribution . In some enquiries, fo r 
example into shoe sizes, the mode has relevance wherea s the arithmetic mean (usuall y 
called th e average) does not . 

67. Wher e th e arithmeti c mea n i s relevan t childre n ca n b e aske d t o mak e a 
careful gues s a t thi s an d to chec k thei r guess by calculating the deviations above and 
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below. Children sometimes use + and —  spontaneously t o denot e quantitie s above and 
below both th e estimate d an d th e calculate d mean . 

Space and Shape 
68. Th e stud y o f movement , chang e an d developmen t i s basi c t o th e child' s 

understanding o f th e rea l worl d aroun d him . Th e transformatio n o f th e se t o f 
numbers (1,2,3,4, ) int o th e se t (3,4,5,6) b y the operation o f adding 2  is matched b y 
the transformation o f the point s representing the numbers by a  movement o f 2  along 
a numbe r line . Th e ide a o f transformatio n als o give s a n openin g fo r imaginativ e 
pattern-making whe n a  unit shap e is translated alon g a line to make a  border pattern . 

69. Childre n wil l becom e familia r wit h certai n basi c two-dimensiona l shape s 
(e.g. squares , rectangles , circles , triangles) by handling a  variety o f three-dimensiona l 
objects whic h the y shoul d b e encourage d t o collect . B y handlin g an d comparin g 
various shapes , childre n discove r thei r distinctiv e properties , fo r exampl e th e 
likenesses o f an d difference s betwee n cube s an d cuboids ; squares , rectangle s an d 
rhombuses (diamonds) ; cylinders, spheres and cones . 

70. Th e following activitie s give varied opportunitie s fo r investigation . 

( 1 ) Constructional activitie s 

(a) buildin g structures with uni t cube s and uni t cuboids , 

(b) makin g patterns wit h uni t squares , unit rectangles , unit triangle s etc . 

(c) makin g frameworks wit h spli t bambo o canes , drinking straws or meccano, 

(d) model-makin g i n car d an d othe r materials : shed s and building s as well as the 
regular solid s (tetrahedron , cube , etc.). 

Interesting shape s suc h a s bandstands , drums , balls , ic e crea m cones , th e 
scoop fo r servin g ic e cream , pyramid s coul d b e mad e i n th e classroo m an d 
their propertie s investigated . 

(e) makin g or investigating toys , for exampl e kites , tops and hoops , doll-dressing . 
Mechanical toys and device s are not easil y available in al l countries, but som e 
could b e home-made , fo r exampl e mode l aeroplanes , wheele d toy s an d a n 
inclined plan e (fo r experiment) , go-carts, slings. 

(f) Game s suc h a s cricket , football , baske t bal l an d tenni s ca n mak e childre n 
aware o f the path o f a  moving object . 

(g) A  geo-board i s useful fo r discoverin g relations of areas of differen t shapes . 

(h) Pape r folding , experiment s wit h pain t an d mirror s lea d t o investigation s o f 
symmetry an d enlargemen t (similarity) . Childre n sometime s inven t "co -
ordinates" fo r themselve s whe n the y describ e th e position o f buried treasur e 
on a n imaginar y islan d the y hav e drawn . Whe n tryin g t o fin d th e treasur e 
they realis e th e valu e o f orde r i n th e pair s o f distance s use d t o fi x th e 
position o f th e treasur e an d ordere d numbe r pair s ar e the n accepted . Co -
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ordinates ca n als o b e use d i n symmetrica l reflection s an d othe r transforma -
tions. 

(2) Mathematical idea s derived fro m thes e activities . 

(a) Th e propertie s o f various two-dimensional shapes , from makin g and handlin g 
frameworks wit h 3 , 4 , 5  etc . sides , usin g firs t equa l the n unequa l strips ; 
the rigidit y o f th e triangle . Sequence s o f number s fro m a  serie s o f frame -
works of regular polygon s made rigid by longer struts . 

(b) Idea s of angles from a  child's own observations o f th e hands of a  clock and of 
other change s o f direction . Angl e propertie s o f paralle l line s an d angl e su m 
of a triangle from pattern s made in paper folding. Rotation an d gear ratio fro m 
cog wheels of differen t sizes . 

(c) Mathematica l similarit y (enlargemen t o f scale ) i n thre e dimensions , b y 
building a  sequenc e o f cube s fro m uni t cubes . Paths on the globe and on th e 
earth. Similarit y i n tw o dimension s b y buildin g a  sequenc e o f square s fro m 
unit square s (an d othe r shapes) . Maps . Recognitio n tha t som e shape s (e.g . 
cubes, spheres, squares) are always similar . 

(d) Volum e o f cubes , spheres , cylinders , cone s an d pyramid s fro m practica l 
experience, fo r example , compariso n o f th e weight s o f cla y use d t o mak e 
the objects , or of the wate r containe d b y o r displaced b y them . 

(e) Area : approac h throug h irregula r shapes , fo r exampl e comparin g the area of 
two leaves ; counting th e numbe r o f ya m heap s coverin g eac h o f tw o fields . 
Many activitie s lea d t o th e understandin g an d applicatio n o f area , suc h a s 
gardening, weavin g mats , doll dressing, making picture s with scraps of fabric . 
The makin g o f net s o f solid s give s a  usefu l lin k betwee n tw o an d thre e 
dimensions. 

(f) Th e speed s o f variou s movin g objects compare d wit h the child' s own speeds . 

(g) Transformation : Th e makin g o f decorativ e pattern s lead s t o a n awarenes s 
of th e various movements o f a  unit shap e required t o make differen t type s of 
pattern: translatio n alon g a  line , rotation abou t a  point , reflection . Corres -
pondences o f points , an d relation s betwee n Une s an d angles , ca n b e inves -
tigated. Th e basi c ide a o f congruenc e ca n b e firml y establishe d b y means of 
these experiences . 

Graphical representation 
71. Representatio n o n tw o numbe r line s (axes ) a t righ t angle s ha s alread y bee n 

mentioned. Certai n type s o f relation s occu r frequentl y s o tha t childre n com e t o 
associate th e shap e o f a  continuou s grap h wit h th e correspondin g numbe r pattern . 
These include : 

(1) Straight line s 
(i) Th e patter n o f th e graph s o f multiplicatio n table s o f 2 , 3 , 4, etc. as straight 

Unes o f increasin g steepness . (Sometime s childre n as k i f table s mus t sto p a t 
zero and s o invent th e negative numbers and exten d th e axes) . 
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(ii) Th e perimeter/side grap h for squares . 

(iii) Th e circumference/diamete r grap h fo r circles . 

(iv) A  graph showing constant speed . 

(v) Th e extension o f a  spring as weights are added t o on e end . 

Children sometime s predic t tha t th e graph o f the multiplication table s or perimeter s 
of squares wil l be straight lin e because o f th e equal differences . 

Edge of Square s 1 2 3  4  5 
Perimeter 4  8  1 2 1 6 2 0 
Differences 4  4  4  4 

(2) Graphs of squares and cube s 
(i) Th e area/edge graph fo r th e squares . 

(ii) Th e area/diamete r (o r radius ) relatio n fo r circle s foun d approximatel y b y 
counting squares . Th e numbe r patter n o f th e are a o f square s i s soo n recog -
nised. 

Edge of Square s 
Area o f Square s 
Differences 

0 1 2 3  4  5 
0 1  4  9  1 6 2 5 

1 3 5  7  9 

Some childre n realis e tha t becaus e thes e differences ar e not equal , the grap h 
will no t b e a  straigh t line . Becaus e th e difference s increas e an d for m th e 
odd numbe r patter n the y expec t a  rising curve. 

(iii) Th e volum e o f cube s an d o f sphere s wil l b e investigate d an d wil l lea d i n a 
similar wa y to a  curve. 

(3) Constant produc t curv e 
(i) Example s o f th e constan t produc t pair s hav e alread y arisen , e.g . i n th e 

multiplication square . 

(ii) Dimension s o f rectangle s mad e wit h 2 4 squares . Th e complet e se t o f rec -
tangles wit h integra l dimension s ca n b e cu t ou t an d pu t i n order : 1  by 24 , 
2 b y 12 , 3  b y 8 , 2 4 b y 1 . Whe n childre n ar e aske d t o arrang e thes e i n 
order takin g u p th e leas t possibl e space , the y sometime s overla p the m an d 
then recognise the similarit y t o th e pattern i n the multiplication square . 

Ordered pairs , (1,24) , (2,12) , ... . ,  (24,1) , wit h th e relatio n w l =  2 4 giv e a 
continuous curve . 

Links with  other  Subjects 
72. Severa l ver y interestin g project s wer e describe d b y variou s delegates . Suc h 

projects gav e childre n mor e confidenc e i n thei r ow n power s particularl y whe n th e 
work wa s displayed . Thes e topic s normall y aris e i n othe r aspect s of the curriculum , 
e.g. social  studies , science , ar t an d crafts . Teacher s wit h a  sufficien t knowledg e o f 
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mathematics ca n fully exploi t th e mathematical possibilitie s in activities of thi s kind. 
These shoul d b e carefull y followe d u p an d developed . The following example s were 
quoted; 

(i) Socia l Studies : Th e banan a industr y ha d bee n studie d i n differen t way s 
according t o th e countr y o f origin . Mode l makin g (sheds , trucks , boats) . 
Different packin g methods led to differen t development s in the classroom . 

(ii) Ar t an d Crafts : Fo r example , constructio n o f bir d cage s wit h pal m pith ; 
patterns designe d fo r decorativ e purpose s in craf t o f various kinds. 

PLENARY DISCUSSIO N O F REPORT OF WORKING GROUP A. l 

Survey and Comment s 
73. Th e Chairma n introduce d th e repor t wit h explanatio n o f it s considerabl e 

length. Th e earl y year s wer e b y fa r th e mos t important , partl y becaus e many mor e 
children wer e i n primar y school s tha n i n secondar y school s an d partl y becaus e th e 
only educatio n som e thousand s o f childre n woul d receive  woul d b e a  primar y one . 
For this reason primary education was not only a preparation for secondar y education ; 
it must have its own particular goals. It was at th e primary stage , also, that th e greates t 
impact o f th e presen t change s woul d b e felt . A n emphasi s o n th e developmen t o f 
children's thinkin g migh t hav e a n appreciabl e influenc e o n man' s futur e powe r o f 
decision-making. 

74. Th e firs t par t o f th e repor t deal s wit h th e changin g approach . The n th e 
content fo r th e earl y year s i s discusse d i n som e detail . Finally ther e i s an outline of 
topics suitabl e fo r th e late r stage s whic h wil l exten d th e rang e o f mathematica l 
thinking. 

75. Subsequen t discussio n o n the report centre d o n 

(1) th e problem s arisin g whe n th e mothe r tongu e di d no t contai n word s 
appropriate t o certai n mathematica l experience s 

(2) th e influenc e o n th e primar y stag e exerte d b y selectio n examination s fo r 
secondary education . Thes e examination s aggravate d th e difficultie s o f 
adopting a  fundamentally differen t mathematica l programm e sinc e too muc h 
time wa s often devote d t o preparatio n fo r suc h examinations . 

76. Delegate s expresse d som e anxiet y les t th e emphasi s o n children' s practica l 
experiences should lead some teachers to treat practical activities as ends in themselves . 
It wa s pointed ou t tha t th e early sections of th e report stresse d th e thinking tha t ca n 
emerge from children' s individual experience an d the need fo r teacher s to guide thei r 
pupils —  b y questions , discussio n an d variou s form s o f representatio n —  t o a  clea r 
awareness of the mathematica l pattern s that hav e been disclose d b y thei r actions . 

77. I t wa s agree d a t thi s plenar y sessio n tha t th e editor s shoul d d o som e re -
editing o f th e pape r i n th e ligh t o f th e discussion , an d som e modification s wer e 
made. 
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